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ABSTRACT
Bentz, Lida Marie LaVelle. Mathematical Knowledge for Teaching in Co-teachers at the PostSecondary Level: A Cognitive and Enacted Approach. Published Doctoral dissertation,
University of Northern Colorado, 2022.

Mathematical Knowledge for Teaching (MKT), the knowledge used by a teacher to teach
mathematics, has often been examined as a cognitive construct in K-6 teachers, but little research
exists examining MKT in the post-secondary teaching context. Schoenfeld (2020) extended the
definition of knowledge and thus MKT to include tacit and explicit perceptions. In doing so,
Schoenfeld created the terms "big K" mKt and "little k" mkt, where mKt refers to the tacit and
explicit perceptions used by a teacher to teach mathematics and mkt includes the teacher's
understanding used in teaching mathematics (similar to cognitive MKT). Building from
Schoenfeld’s conceptualization of knowledge (i.e., knowledge vs. Knowledge [2020]), this study
investigated MKT by examining how the knowledge of a pair of mentor-mentee co-teachers (big
K knowledge known by Schoenfeld as mKt) impacted the learning environment of a calculus
course for pre-service teachers from a combined cognitive and enacted lens. The TRU Math
framework was used to evaluate the impact of mKt on the learning environment. Three cycles of
pre-lesson interviews, classroom observation, and post-lesson interviews were conducted and
analyzed using Schoenfeld’s model of mKt and Schoenfeld et al.’s (2014) Teaching for Robust
Understanding Math Framework. Investigating mKt using Schoenfeld’s (2020) model of MKT
with an eye toward the learning environment provided a more complete picture of the
dimensions involved in the decisions that produced the learning environment. As the co-teaching
pair collaborated to teach, they made explicit their goals, resources, and orientations toward the
iii

students and content. The co-teachers’ sharing of their mKt allowed them to reflect on the classes
they taught and informed the planning of future classes. Thus, by collaborating in the mentorship
pair, the co-teachers developed their mathematical knowledge for teaching teachers as Masingila
et al. (2018) described.
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CHAPTER I
INTRODUCTION
According to many (e.g., Borko et al., 2008; Davis & Simmt, 2006; Schoenfeld, 2015;
Towers & Proulx, 2013), people use the knowledge in their minds in combination with their
goals and orientations to make decisions in the world. Specifically, teachers, too, use a
combination of their goals, knowledge, and orientations (beliefs), to solve problems and make
decisions in their classroom. As such, the learning experiences of students depend in part on the
knowledge of their teacher. One may have had a teacher who was an expert in the field of
mathematics, but the class they taught was confusing and difficult to learn in. These kinds of
experiences with teachers who know their content, but struggle to teach beg the questions: what
knowledge is needed for teachers to teach mathematics? and what ways does this knowledge
impact the learning environment and the learning outcomes of the students?
Furthermore, two people can have similar knowledge and very different decisions in
similar circumstances. This begs the questions: Do people with x knowledge and similar goals
and beliefs make similar decisions? If so, in teaching how do those decisions impact their
students and the learning environment? Mathematics is a difficult subject for many people. How
can we prepare teachers to support students’ learning of mathematics? One way is to consider
how that teacher’s knowledge and beliefs impact their classroom.
Mentorship is one way that many teachers gain experience in teaching while sharing
responsibility for the class with a more experienced teacher. Considering how mathematical
knowledge for teaching develops in such relationships could inform how to support pre-service
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and in-service teachers in developing their mathematical knowledge for teaching, in order to
support them in improving the learning environments for their students.
Background
Research in this area of what knowledge teachers need to teach mathematics or
mathematical knowledge for teaching (MKT) has been explored primarily in elementary
educators with some research in secondary and post-secondary education. Building from
Shulman's (1986) notion of pedagogical content knowledge, Ball et al. (2008) narrowed the
focus of this question to identify the mathematical knowledge teachers use to teach mathematics
(MKT). Many studies have investigated MKT in the context of elementary classrooms; with only
recent work investigating secondary teachers’ MKT (Ball et al., 2005, 2008; Beswick & Goos,
2018; Goos, 2013; Hill et al., 2005). Few studies have considered MKT in post-secondary
teaching or considered MKT in the context of mentorship or co-teaching. Co-teaching is defined
as two teachers collaborating to teach a single class of students. Mentorship is defined as two
teachers teaching a single class of students where one teacher acts as mentor and has primary
responsibility for the class and the other teacher acts as mentee and accepts guidance from the
mentor regarding teaching.
An individual teacher’s decision process reflects their MKT (Rowland et al., 2005;
Schoenfeld, 2002; Towers & Proulx, 2013). Co-teaching and mentorship involve two individual
teachers collaborating in teaching a class. Therefore, co-teaching and mentorship involve two
teachers’ decision-making processes and hence two teachers’ MKT. In mentorship, however, the
mentor teacher typically has more influence on the choices about teaching than the mentee.
Involving two teachers’ MKTs leads to questions of how the interaction of two teachers’ MKT
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influences their classroom learning environment, and how each teacher’s MKT influence the
other teacher.
While some institutions of higher education use co-teaching or mentorship as a way to
support novice instructors in teaching upper division mathematics courses, minimal research
exists regarding how the co-teaching experience impacts the teaching of each co-teacher. Since
co-teaching and mentorship involve each co-teacher making decisions and learning from one
another, the decisions made by each co-teacher and the aspects of each teacher that lead to the
decisions are important to understand and analyze. According to Schoenfeld (2015), “[p]eople’s
in-the-moment decision making when they teach, and when they engage in other well practiced,
knowledge intensive activities, is a function of their knowledge and resources, goals, and beliefs
and orientations” (p. 231). Schoenfeld considers the knowledge of individual teachers as part of
their resources (cognitive MKT). Stigler and Hiebert (2009) support that the experiences, beliefs,
and mathematical conceptions of novice teachers impact their teaching choices in the classroom.
Thus, the act of co-teaching requires two people to call on their MKT in the classroom setting to
make decisions for the class.
Rationale
This phenomenological case-study sought to investigate how mathematical knowledge
for teaching was exhibited in co-teaching mentorship of a faculty and graduate student teaching
an undergraduate mathematics course for mathematics focused pre-service teachers at a midsized university in the Rocky Mountain Region of the United States. Furthermore, this study
sought to explore how the exhibited mathematical knowledge for teaching influenced the
classroom learning environment. Mathematical Knowledge for teaching (mKt) was defined as
the resources, goals, and orientations of each teacher used in the work of teaching (i.e., planning,
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directing classroom discussion, etc.). Mathematical knowledge for teaching (mkt) was defined as
the knowledge of the teacher used in decision making, thus mathematical knowledge for teaching
(mkt) is part of the resources of the teacher. This distinction of “big K” Knowledge and “little k”
knowledge originated from Schoenfeld (2020) where “big K” Knowledge referred to “the set of
tacit as well as explicit perceptions and understandings that drive the ways we act in the world”
and “little k” knowledge refers to an individual’s understanding (p. 359). Thus, MKT as seen in
literature as cognitive referred to the construct of mathematical knowledge for teaching (mKt) as
the knowledge used by the teacher in the act of teaching, as well as tacit and explicit perceptions
and understandings. Since previous studies describe MKT as a cognitive construct or interpreted
as enacted knowledge, this study primarily used MKT in describing previous studies and
otherwise used mKt and mkt as clear and consistent distinctions between the strictly cognitive
mkt and the more encompassing mKt used as theoretical framing for the study (see Figure 1).
This study focused on a post-secondary mathematics teacher mentorship and their mKt
by investigating pre-lesson planning through an interview with each teacher separately,
observing the lessons being taught, and then conducting post-lesson interviews with each teacher
separately regarding the week of lessons. Six weeks of lessons were recorded and observed. Each
week of classes constituted one cycle. A cycle consisted of a collaborative planning session with
the teachers, a pre-lesson interview with each teacher, observations of a week of lessons, and
post-lesson interviews with each teacher.
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Figure 1
Components of Mathematical Knowledge for Teaching (mKt)

Resources
(including
mkt)

mathematical
Knowledge for
Teaching
(mKt)
Goals

Orientations

Purpose and Research Questions
This study examines mathematical knowledge for teaching (MKT) from both a cognitive
and enacted perspective, considers MKT at the post-secondary level, and investigates the MKT
of co-teachers in a mentorship relationship, thus advancing the field by examining areas in need
of further investigation through the following research questions:
Q1

What is the mKt of each instructor during a co-teaching mentorship in teaching
calculus for pre-service teachers in collegiate mathematics?

Q2

How does the mKt of each co-instructor influence the learning environment they
inhabit?
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The results of this study inform how mKt impacts the learning environment in the university
setting and how co-teaching impacts the mKt of co-teachers, informing teacher training and
preparation.
Definition of Terms
Mathematical Knowledge for Teaching (MKT) – the knowledge used by a teacher to teach
mathematics. This term also refers to the body of literature in the field regarding
knowledge used by the teacher to teach mathematics.
mathematical Knowledge for teaching (mKt) – “the set of tacit as well as explicit perceptions
and understandings that drive the ways we act in the world” (Schoenfeld, 2020, p. 359)
including the resources, goals, and orientations of each teacher used in the work of
teaching (i.e., planning, directing classroom discussion, etc.).
mathematical knowledge for teaching (mkt) –an individual’s understanding of mathematics
used in the work of teaching. This knowledge of the teacher is used in decision making,
thus mathematical knowledge for teaching (mkt) is part of the resources of the teacher
and is a subcomponent of mKt.
goals –“are the things that people consciously or unconsciously set out to achieve.” (Schoenfeld,
2011, p. 459).
resources –include the knowledge of the teacher, classroom tool availability, and curriculum.
orientations –includes “beliefs, values, preferences, and tastes” of the teacher (Schoenfeld,
2011).
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CHAPTER II
LITERATURE REVIEW
How to improve teaching has been a question addressed from different perspectives. One
such avenue considered the knowledge needed by the teacher to teach mathematics. Answering
this question demands defining knowledge and teaching. Asking what knowledge is needed to
teach requires a stated epistemology before answering. Two major approaches exist to
investigate mathematical knowledge for teaching (MKT): i) observing teaching actions and
asking what knowledge was necessary for such actions to occur versus ii) looking at the actions
in the form of decisions and focusing on what was needed for a decision to be made by the
teacher. Both approaches are similar as they suppose a connection between teacher action and
what exists in the mind/person of the teacher.
The first approach focuses on the knowledge, its structure and development, whereas the
second approach focuses on the decision-making process and the components that lead to a
particular decision. The following paragraphs explore each approach to MKT. Collaborative
teaching will be explored following the consideration of MKT literature. The teaching of
multiple teachers in the same classroom has not been considered in prior studies of MKT. Then
research on collaborative teaching and the opportunities collaborative teaching holds for
investigating MKT in teachers and how MKT develops will be described.
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Mathematical Knowledge for Teaching
Mathematical knowledge for teaching (MKT) is the mathematical knowledge used by
teachers in the work of teaching. Depending on the theoretical perspective considered in the
study, MKT has been conceptualized in different ways (Petrou & Goulding, 2011; Scheiner et
al., 2017). These ways fall primarily into cognitive considerations of MKT and enacted
considerations of MKT with a few researchers considering both perspectives. Cognitive MKT is
a form of “little k knowledge” and thus mkt (Schoenfeld, 2020), where enacted MKT is evidence
of “big K knowledge” and so related to mKt (Schoenfeld, 2020). The concept of MKT is
explored in hopes of understanding what kind of knowledge is needed to better support teachers
in their teaching, such as creating powerful learning environments. More specifically,
mathematics education may be improved by using knowledge of MKT to better prepare teachers
through understanding the mathematical knowledge they use and how that knowledge is
implemented in teaching. Thus, MKT is important in every level of education, even though the
construct remains unclear and in need of further refinement (Speer et al., 2015).
Mathematical Knowledge for Teaching as
a Cognitive Construct
Ball et al. (2008) advanced understanding of MKT through examining practices of K-6
teachers and developing an assessment of MKT. Their cognitive model outlines MKT consisting
of pedagogical content knowledge made up of knowledge of content and students, knowledge of
curriculum, and knowledge of content and teaching; and subject matter knowledge consisting of
common content knowledge, specialized content knowledge and knowledge of the mathematical
horizon (Ball et al., 2008) (see Figure 2).
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Figure 2
Ball et al. (2008) Mathematical Knowledge for Teaching Model

Note. From “Content Knowledge for Teaching: What Makes It Special?,” by D.L. Ball, M. H.
Thames, and G. Phelps, 2008, D. L., Journal of Teacher Education, 59(5), 389–407
(https://doi.org/10.1177/0022487108324554). Copyright 2008 by SAGE Publications.

Pedagogical content knowledge (PCK) is an amalgam of content and pedagogy unique to
teacher and their profession. “It goes beyond knowledge of subject matter per se to the
dimension of subject matter knowledge for teaching [emphasis in original]” (Shulman, 1986, p.
10). Thus, PCK includes the intersection of math knowledge and knowledge needed in teaching
such as considering students’ needs and how the content structure is learned. How teachers order
student sharing in group discussions to present content in a way that best supports student
learning is an example of PCK. Common content knowledge (CCK) is knowledge of
mathematics that is known by people in the general public. An example of CCK is adding two
integers. Specialized content knowledge (SCK) is knowledge of mathematics that is not known
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by the general public but is known by teachers. For example, a teacher of calculus for preservice
teachers must be able to decompose a table of function values to deduce a common formula for
slope. Other users of mathematics might simply use the slope formula and skip other steps.
The assessment associated with Ball et al.’s (2008) model (i.e., the Learning Mathematics
for Teaching Project) attempts to connect a teacher's mathematical knowledge to effectiveness of
teaching (Hill et al., 2005). Their work focused primarily on pre-service and in-service teachers
teaching grades K through 6. Since then, Copur-Gencturk et al. (2019) have shown the
mathematical knowledge for teaching (MKT) constructs of SCK, CCK, and PCK are
indistinguishable by the instrument used to measure pre-service teacher’s MKT developed by the
Measures of Effective Teaching (MET) project. Copur-Gencturk et al. performed secondary
analysis on data from 397 fourth and fifth grade teachers collected for the MET project seeking
to investigate an assessment meant to capture and promote effective teaching. Ball et al. designed
the instrument in collaboration with the Educational Testing Service and the University of
Michigan to measure the MKT of fourth and fifth grade teachers. Cognitive interviews of the
elementary teachers from the MET study confirmed the validity of the MET instrument by
comparing the reasoning patterns of the interviewees’ incorrect and correct responses with
reasoning of test takers. The content of the exam spanned grade 4 and grade 5 curricula including
number and operations, fractions and proportional reasoning. The MET instrument’s overall
reliability was estimated at .74, higher than the minimum of .70, but preferred to be between .8
and .9 for reliability (Chiang et al., 2015).
When considering the MKT categories associated with different questions, CopurGencturk et al. (2019) applied confirmatory factor analysis to the 38 item responses to
investigate both a unidimensional model of MKT and a multidimensional model (three factor
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with CCK, SCK, PCK). Both models fit the data well (the three-factor model: χ2 = 523.99, p <
.05; CFI = .96; TLI = .96; RMSEA = .02, CI = [.01, .03]), (the unidimensional model: χ2 =
524.19, p = .05; CFI = .97; TLI = .96; RMSEA = .02, CI = [.01, .03]). The unidimensional model
fit slightly better, though the difference between models was not statistically significant. Some of
the test item responses for specific CCK and SCK items were highly correlated, suggesting the
questions had something in common and the correlation between SCK and PCK items was .96
indicating they are practically indistinguishable. Consequently, it is unclear if CCK, SCK, and
PCK are distinct, or if the instrument used to evaluate these three constructs does not distinguish
between them. It is also unclear if these observations of MKT apply to teachers who teach grade
levels beyond grades 4 and 5. Copur-Gencturk et al. recommend further defining each domain as
a way to help conclude whether the domains are distinct constructs empirically. While Ball, Hill,
et al. were some of the first and most well-known researchers of MKT, recent work has refined
these knowledge concepts and called into question aspects of MKT.
Speer et al. (2015) question the distinction between SCK and CCK within secondary and
post-secondary teachers, while calling for further research into MKT in secondary and postsecondary environments.
The first question is ‘What is the relationship of CCK to SCK for those holding a
bachelor’s degree or higher in mathematics?’ The assumptions embedded in the
elementary context are that CCK is knowledge held or used by an average
mathematically literate citizen and that SCK is different. However, among those teaching
in secondary and post- secondary contexts, what should be considered common content
knowledge? Might conceptual understanding of common content knowledge among
those with a bachelor’s degree or a higher degree in mathematics be the same as SCK?
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For example, recognizing the mathematical accuracy of a definition, considered part of
SCK for elementary teachers, is CCK for those with more mathematics education. (p.
114)
Scheiner et al. (2017) similarly notes the blurring of CCK and SCK. They posit that a
more fruitful distinction is in how teachers, as opposed to other professionals, use their
mathematical knowledge. This distinction separates MKT from mathematical content
knowledge. Meaning, mathematical knowledge for teaching (MKT) is not only what you know,
but how you know and use that knowledge. Due to the various critiques raised about MKT (e.g.,
Copur-Gencturk et al., 2019; Speer et al., 2015) and the consideration that MKT is not just what
knowledge is known, but how it is known and enacted, other models were considered for
implementation in this study.
Scheiner et al. (2017) further explored the literature looking at PCK and teacher knowing,
advocating for a change in focus toward looking at the teacher’s “style of knowing” instead of
the knowledge held by the teacher (p.16). “We explained that the question of what makes teacher
knowledge specialized cannot be comprehensively answered by only addressing what teachers
know, but we need to account for how teachers’ knowing comes into being” (p.17). Schoenfeld
(2020) considered style of knowing in his consideration of mKt. Shulman (1987) recognized that
the knowledge of mathematics needed for teaching is not necessarily different mathematics, but
it has been transformed in the mind of the teacher to address the needs of their job.
Silverman and Thompson (2008) used radical constructivism to interpret transformation
of mathematical knowledge as a secondary abstraction of mathematics already known by the
teacher. Silverman and Thompson claim that mathematical knowledge for teaching develops as a
secondary abstraction of a teacher’s mathematical knowledge when the teacher reflects on how a
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student might see the mathematics differently. Furthermore, the mathematics being reflected
must be a key developmental understanding as described in Simon (2006). A key developmental
understanding is a conceptual advance or a powerful change in how the learner is able to think
about a particular mathematical relationship. As an example related to multiplicative reasoning,
Silverman and Thompson (p. 505) describe the ability to view area as the “multiplicatively
related quantity derived from two linear measurements.” Area from this perspective is a key
developmental understanding that will later apply to volume, force, and other multiplicatively
related quantities.
Mathematical Knowledge for Teaching as
an Enacted Construct
Though the previous research described focused on the nature of mathematical
knowledge for teaching (MKT), specifically as knowledge possessed by an individual, others
considered how mathematical knowledge (in conjunction with something or alone) was enacted
in teaching and what it means to mathematically know in teaching (Brown & Coles, 2011; Cook
& Brown, 1999; Rowland et al., 2005). Cook and Brown (1999) imply that knowledge used in
the work of teaching is knowing in practice, and thus can be observed in the act of teaching.
Wasserman (2015) considered enacted MKT around micro and macro level complexities
in the work of teaching mathematics through trimming and decompressing. Trimming was
defined as “the act of removing complexity while maintaining mathematical integrity.”
(Wasserman, p.77) Decompressing was defined as “unpacking a topic’s mathematical
complexity in order to make it comprehensible.” (Wasserman, p. 77) Thus, Wasserman attended
to teachers’ enacted MKT through the actions the university teachers took during teaching
regarding mathematical complexity occurring in their lesson. These actions were categorized as
concealing complexity, unpacking complexity, abridging complexity, and foreshadowing
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complexity and then identified as either trimming or decompressing. Appropriate
implementation of an action depended on the goals of the lesson and the needs of the students.
Each action was placed at the intersection of a micro or macro complexity and trimming or
decompressing content. These actions demonstrate teachers’ enacted MKT as the teacher uses
their knowledge of the mathematical horizon, current mathematics in the classroom, and
knowledge of their students and curriculum to decide how to attend to the complexity of the
mathematical content in the moment. Their actions in the moment were the focus of the study.
Rowland et al. (2005) also considered enacted MKT. These researchers analyzed video
recordings of teachers in primary and secondary mathematics courses giving lessons. Using
grounded theory, they found four main units of teaching that demonstrated teacher MKT known
as the Knowledge Quartet. The four units of the Knowledge Quartet were foundation,
transformation, connection, and contingency. Foundation considers the knowledge possessed by
the teacher as acquired in school, whether or not it is later enacted in the lesson. Transformation
refers to how teachers transform or adapt their knowledge to forms that are more “pedagogically
powerful” (Shulman, 1987, p. 15). Connection attends to the coherence of planning and teaching
across a lesson or series of lessons. Contingency is the final unit of the quartet and refers to the
ability of the teacher to respond to unexpected events of the classroom such as unexpected
student ideas. The Knowledge Quartet framework has been applied primarily in K-12 research.
When MKT is considered as the actions of the teacher and those actions come from
teacher decisions, then the decisions of teachers and the process of teacher decision-making is
part of studying MKT. Alan Bishop was one of the first to study teacher decision-making (Borko
et al., 2008). He focused on improving teacher decision-making to improve pedagogy and what
impacted teacher decision-making. As such, Bishop focused less on the mathematical knowledge
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base needed for teachers. Bishop and Whitfield (1972) provided a framework describing the
aspects that influence a teacher’s decisions and actions (see Figure 3). These aspects were
background and experience, belief and values, aims and objectives, decision schema or
framework, and teaching situation. MKT as the construct defined by Shulman and others falls
into the category of background and experience since it is the teacher’s cognitive knowledge of
mathematics and teaching built from their background and experience that informs the other
areas in the schema. The focus of Bishop’s studies was the decision-making schema. The
primary results of Bishop’s work were:
•

“that experienced teachers had developed their own way of classifying and
categorizing teaching situations into ‘types’ of incidents” (Borko et al., p. 43);

•

“teachers’ decision making schema were idiosyncratic in that teachers developed
strategies that worked for them.” (Borko et al., p. 43);

•

“experienced teachers tend to opt for choices which work for them, in terms of their
own personal criteria, indeed to rely on what appears to be a relatively limited routine
response repertoire” (Borko et al., p. 47);

•

“there are (a) multiple possible reasons for the errors students make and (b) multiple
courses of action teachers can take in response to these errors.” (Borko et al., p. 43);

•

teachers are aware of different pupils’ abilities and “ . . . often use particular children
as ‘monitors’ – if child A understands this point then the chances are that most of
them will” (Borko et al., p.43);

•

“only occasionally do experienced teachers feel they are consciously and actively
making decisions, typically at key points in a lesson.” (Borko et al., p. 43).
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Figure 3
Bishop and Whitfield (1972) as seen in Borko et al. (2008)

Note. From “Teachers’ Decision Making: from Alan J. Bishop to Today” by H. Borko, S.
Roberts, and R. Shavelson, in P. Clarkson and N. Presmeg (Eds.), Critical Issues in Mathematics
Education (p. 40), 2008, Springer US (https://doi.org/10.1007/978-0-387-09673-5_4). Reprinted
with permission.

Thus, context and situation are critical in evaluating and understanding teacher decisionmaking. Additionally, Schoenfeld (2020) tied together MKT as evidenced in teacher decision
and action which will be discussed in the next section.
Brown and Coles (2011) considered MKT from an enactivist perspective, namely that
knowing is doing. They claimed “our enactivist principles imply that as you act, so you see the
world.” (p. 863) Thus, MKT is the actions that teachers perform since teachers act in accordance
with ways they see as fitting for the current classroom environment. Brown and Coles used
enactivism as a lens and found this approach respected the interconnectedness of the history of
their program of interest, the program’s current implementation, and the individualism of the
participants. Enactivism does not ascribe a best way of teaching but considers the individual
circumstances and ties between situation and action.
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Mathematical Knowledge for Teaching as
a Cognitive and Enacted Construct
Some researchers considered mathematical knowledge for teaching (MKT) as both
existing in the mind of an individual and evidenced in the actions of the individual (Davis &
Simmt, 2006; Schoenfeld, 2020). This perspective allowed enacted MKT to be observed and
valued in action as well as cognitive MKT to be witnessed in actions and interviews with
teachers.
Davis and Simmt (2006) attended to mathematical knowing in teaching and mathematical
knowledge for teaching. In this view, knowing is a dynamic complex system involving
biological elements, bodily experiences, and cultural tools interacting and engaging with
knowledge which is static and includes mathematical objects and curriculum structures. Davis
and Simmt used a complexity model with nested knowing to explain and explore MKT.
Because of its dynamic and nested character, mathematics-for-teaching cannot be
considered a domain of knowledge to be mastered by individuals. It always occurs in
context that involve others – and, hence, an awareness of how others might be engaged in
productive collectivity is an important aspect. (Davis & Simmt, 2006, p. 309)
Davis and Simmt considered MKT differently than the previously mentioned authors in their
emphasis of aspects other than individual knowledge. Through considering context and the
interaction of knowledge and knowing, Davis and Simmt addressed concerns with MKT in its
relevance to teaching and whether it is elicited, namely, by incorporating context as part of the
considerations of MKT.
Schoenfeld (2011) claimed a teacher’s behavior is based on their resources, goals, and
orientations, as are any behavior in “well-practiced” domains. According to Schoenfeld, “‘wellpracticed’ domains are those areas of practice in which individuals have had enough time to
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develop a corpus of knowledge and routines that shape much of what they do.” (p. 457). In this
theory, resources, goals and orientations are important as individual factors that contribute to a
decision, and in how the resources, goals, and orientations interact to contribute to a decision.
Resources include the knowledge of the teacher, classroom tool availability, and curriculum.
Thus, teacher MKT is included in resources. Another construct in Schoenfeld’s model is goals.
“Goals are the things that people consciously or unconsciously set out to achieve. Functionally
speaking, ‘goals recruit resources’” (Schoenfeld, 2011, p. 459). A teacher might have many goals
at work in a single lesson such as the goal of developing their student’s conceptual understanding
of the derivative of a function while also holding the goal of pacing content to “cover” related
rates content by the end of the week. The last factor in Schoenfeld’s model is orientations.
Orientations includes “beliefs, values, preferences, and tastes” of the teacher (Schoenfeld, 2011).
For example, a teacher might have as an orientation that pre-service teachers should learn
calculus to have better knowledge of how the mathematics they teach progresses in the minds of
their students. This theory developed based on Schoenfeld’s work in problem solving as well as
from data collected from professional development with K-12 teachers. Data consisted of
teachers exploring their students’ thinking through interview and watching themselves teach. The
teachers then shared and reflected on their experiences in interviews.
Schoenfeld (2020) continued this line of inquiry and contemplated the relationship of
decision-making and learning environment, specifically advocating for the investigation of the
intersection of decision-making theory and learning environment through the different
components of the TRU Math framework (Schoenfeld, et al., 2014). Relating to Gee's (2015) use
of big D and little d discourse, Schoenfeld argues,
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[a]nalogously, ‘small k knowledge’ typically denotes individuals’ documentable
understandings. By ‘big Knowledge’ I mean the set of tacit as well as explicit perceptions
and understandings that drive the ways we act in the world—including awareness of not
only context but interpersonal relationships and ways to ‘read’ situations and act on them.
(Schoenfeld, 2020, p. 359)
Thus, Schoenfeld argued because decision-making requires the involvement of resources, goals,
and orientations, decision-making involves “big Knowledge.” Therefore, further research invites
the consideration of the resources, goals, and orientations involved in the making of the decisions
and the relationship to the learning environment they are enacted in through decisions. In a
calculus classroom, a teacher choosing the order and method with which to introduce the rules
used to calculate the derivatives of functions involves “big Knowledge” since the teacher must
consider their goals for the lesson, their perception of different students’ needs and student
comfortability, what orientations they hold about mathematics, etc. The teacher’s mKt is the
combination of goals for the lesson, perception of student and classroom needs, knowledge of
mathematics, their perception of the best way to present the material to help students learn, etc.
The teacher’s mkt influences how they present the rules of calculating derivatives of functions
using the limit definition of derivatives to prove the rules for constant and linear functions, then
using examples of other families of functions (such as quadratic functions) to justify and provide
intuition for the validity of other rules. Choosing this ordering of topics could indicate the
teacher sees value in the connection between mathematical ideas, a component of the
mathematics dimension of the TRU Math Framework. Schoenfeld’s model thus incorporates the
actions of the teacher as the influencer of the situations of the classroom, while still allowing the
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focus of a teacher’s resources, goals, and orientations as the schemas that allow the teacher to
act.

Figure 4
Schoenfeld’s TRU Framework (2016)

Note. From A. H. Schoenfeld, and the Teaching for Robust Understanding Project. (2016). The
Teaching for Robust Understanding (TRU) Observation Guide for Mathematics: A Tool for
Teachers, Coaches, Administrators, and Professional Learning Communities. Berkeley, CA:
Graduate School of Education, University of California, Berkeley. Retrieved from:
http://truframework.org. Reprinted with permission.

Schoenfeld (2020) further encourages the use of the TRU Math framework to investigate
the learning environment because it is both situated in the mathematics of the classroom and is
student-centered (see Figure 4).
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A broad framing of the issue of instruction, then, is, ‘What are the attributes of learning
environments from which students emerge as powerful thinkers?’ The question of
Teacher Knowledge then becomes, ‘What personal, social, and institutional
understandings and proficiencies should teachers have in order to create learning
environments with such properties?’ (p. 360).
The TRU Math framework is used to “flesh out” big K, teacher Knowledge by providing a
structure to focus on teacher actions that impact the mathematical learning environment of the
students. The teacher’s resources, goals, and orientations shape their perceptions. Through their
resources, goals, and orientations, teachers make decisions that impact each of the five
dimensions of a powerful mathematics classroom. For example, in a calculus class for preservice teachers, the teacher’s goal of preparing their students to teach in the future impacts their
interpretation of student work and how they teach so that they model the kind of teaching they
want their students to use in the future. In this way, how a teacher structures their class is a
product of their mKt.
Schoenfeld’s (2020) article further discussed calls for research regarding each dimension
of the TRU Math framework in relation to teachers’ mKt (goals, resources, and orientation) often
commenting that the investigation could be an entire research and development program.
Collaborative Teaching
What is considered co-teaching or collaborative teaching depends on the group claiming
the title. For some, co-teaching describes two instructors who teach some portion of a class at
different points in the class or course. Co-teaching also describes two teachers working together
to teach students at the same time, planning classes together. In K-12, co-teaching often refers to
a primary teacher of content and a special education specialist teaching together (Carty & Marie
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Farrell, 2018; Rexroat-Frazier & Chamberlin, 2019). Team teaching may be used synonymously
with co-teaching (Grassl & Mingus, 2007). Other words describing two teachers working
together include mentoring and coaching, however they do not imply the same expectations of
roles of the teachers involved. Mentoring implies one teacher is a mentor and the other teacher is
a mentee or protégé (Merriam-Webster, n.d.). Often in the university setting, literature focuses
on the mentorship of faculty, specifically in teaching, research, and community (Goerisch et al.,
2019; Houston, 2020). In K-12, mentoring means both mentor and mentee are involved in the
teaching of the course, with the expectation that the mentor is mentoring the mentee (Stanulis et
al., 2019). Coaching is where a teacher is observed by another teacher (acting as coach) and
given feedback and recommendations for improving their practice (Donegan et al., 2000).
In the university setting, mentoring can refer to faculty mentoring faculty in their role as
faculty including research and teaching. Mentoring also refers to faculty mentoring graduate
students in teaching or research. Most of the research in this area considers faculty mentoring
faculty in their role as faculty or in research. Less research is available about faculty mentoring
of teaching or faculty co-teaching. Literature exists regarding the preparation of graduate
teaching assistants but rarely involves mentorships. Research on graduate teaching assistants
primarily examines the experience of graduate teaching assistants (Beisiegel et al., 2019), the
lack of preparation of graduate teaching assistants (Deshler et al., 2015; Ellis, 2014), the beliefs
and perceptions of graduate teaching assistants (Ellis, 2014), and the teaching practices of
graduate teaching assistants (Carlson & Ader, 2019; Ellis, 2014). Few research studies
considered the MKT of graduate students (Carlson & Ader, 2019) or how co-teaching or
mentoring impacts the MKT of the teachers.
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Few studies exist regarding the impact of faculty mentorships with graduate students.
After searches for key words of team teaching college mathematics, team teaching university
mathematics, co-teaching college mathematics, co-teaching university mathematics, mentoring
graduate student faculty, faculty graduate student mentorship teaching mathematics, using
databases of Google Scholar, JSTOR, and EBSCO Host, two studies were found which occurred
in the subject of mathematics in post-secondary education. Most other studies pertained to K-12
education. One study of team teaching in post-secondary mathematics is Grassl and Mingus
(2007) which focused on reformed teaching of abstract algebra. Their focus was more on reform
efforts in teaching and less on the “team teaching” however, they claimed that both participants
improved their teaching practice as a result of the experience. Across the smattering of K-12 and
post-secondary literature, team teaching seems to promote higher student outcomes or better
learning experience (Anderson & Speck, 1998; Baeten & Simons, 2014; Grassl & Mingus, 2007;
Gucciardi et al., 2016; Jang, 2006). Innocente and Baker (2018) and Walters and Misra (2013)
advocate for faculty graduate student mentorships in the field of sociology to improve graduate
training. Gucciardi et al. (2016), Henderson (2010), and Stacey and Chan (2021) further support
that co-teaching and student faculty teaching mentorships support the graduate student in
developing their teaching practice in courses in qualitative research methods, physics, and
rhetoric.
Each description may imply a different relationship between the pair or group of teachers
involved and has different implications in how the teachers interact with the students and each
other. The pair or group of teachers act based on the goals of their relationship, as well as their
individual mKt (big K). Thus, depending on their power and perceived roles in their relationship
and their MKT, different situations may occur in the classroom. For example, collaborating
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teachers may have different orientations that lead them to give students conflicting directions as
they direct small groups within the same class. However, conflicting messages in group work
would not happen in a coaching situation, since the coach teacher focuses on the action of the
teacher they are watching and does not directly interact with the students. In a mentorship, the
conflicting messages could occur, but the mentor teacher’s orientation will most likely take
precedent based on the power dynamic of the teachers. Co-teachers instead need to negotiate
how they align their directions to the students. All of these descriptions support teachers in
improving their practice, and each relationship may impact MKT. However, how teaching with
another might impact MKT has not been explored at any level. Each teacher brings their own
individual MKT to the classroom and makes decisions that impact the learning opportunities in
the classroom. Based on the relationship between the teachers, these decisions and their impacts
may be different. Considering the relationship between teachers and their MKT raises the
questions: What MKT does each member of the team bring to the teaching assignment and how
does the MKT of each teacher impact the classroom environment and the teaching pair?
Mentoring literature from K-12 was not considered as the mentee participant (i.e., the
graduate student) was too different in background from the typical pre-service teacher mentee.
For example, pre-service teachers usually have classes that support their pedagogical and content
knowledge. The mentee in this study did not have these supports in preparation to teach.
Most literature in the co-teaching field focuses on the effectiveness of co-teaching related
to special education classes and mathematics (Walters & Misra, 2013). Other co-teaching
literature focuses on the benefits of co-teaching for students, mentor teachers, and prospective
teachers in secondary education observing that co-planning and co-teaching have many benefits
for students and teachers, especially for the practice of each teacher involved (Bacharach et al.,
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2010; Grady et al., 2020; Grassl & Mingus, 2007; Thompson & Schademan, 2019). These
studies support co-teaching as a method for developing the practice of prospective teachers or
supporting the teaching of mathematics with special needs students. However, none of these
studies directly consider how the act of co-teaching makes visible individual teacher’s MKT or
investigates co-teaching in the post-secondary setting where teaching has different expectations
and classroom norms as well as more advanced content.
Theoretical Perspective
This study took a constructivist perspective of mathematical knowledge for teaching
(mkt) by considering the individual knowledge that each co-teacher possesses as constructed by
the individual. When mathematical knowledge for teaching is conceptualized from a
constructivist perspective, then knowledge is held within the individual as a resource and each
co-teacher has mkt within them that they implement within the classroom through the actions
they take and the decisions they make (Schoenfeld, 2015; Silverman & Thompson, 2008;
Wasserman, 2015). Mathematical Knowledge for teaching (mKt) includes mkt as well as the
other aspects of the teacher (goals, orientations, and resources) that are involved in teacher
decision-making (Schoenfeld, 2020).
Conclusion
Mathematical knowledge for teaching (MKT) has primarily been investigated in K-6
teaching, from both cognitive and enacted perspectives. More investigation is warranted in postsecondary teaching, especially combining cognitive and enacted approaches to fully understand
the nature of MKT. Co-teaching has most often been explored in K-12 teaching. At some
universities, co-teaching or mentoring is used to prepare graduate students to become teaching
faculty. Further research is needed in the preparation of graduate students for teaching.
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Investigating mentoring and MKT simultaneously, provides the opportunity to consider two
teachers in the same classroom environment, both using their mathematical Knowledge for
teaching (mKt) to instruct the class, allowing for comparison of the teachers’ mKt to further
explore the nature of mKt while considering how this teaching arrangement impacts the learning
environment and the mKt of each teacher involved. Thus the research questions for this study
are:
Q1

What is the mKt of each instructor during a co-teaching mentorship in teaching
calculus for pre-service teachers in collegiate mathematics?

Q2

How does the mKt of each co-instructor influence the learning environment they
inhabit?
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CHAPTER III
METHODOLOGY
To inform training of teachers and graduate students at the post-secondary level, this
study investigated the mathematical Knowledge for teaching (mKt) of a pair of co-teachers using
the following research questions to guide inquiry:
Q1

What is the mKt of each instructor during a co-teaching mentorship in teaching
calculus for pre-service teachers in collegiate mathematics?

Q2

How does the mKt of each co-instructor influence the learning environment they
inhabit?

This phenomenological case study investigated the phenomena of mKt of each coinstructor in a mentorship setting and the impact of the instructor’s mKt on the learning
environment (Patton, 2002). Note mKt includes the tacit and explicit knowledge of the teacher
that influences their decisions, thus mkt (the mathematical knowledge for teaching known facts
and constructs held in the mind of the individual) is included as a resource that is part of a
teacher’s mKt (Schoenfeld, 2020). This study built from a previous pilot study which considered
MKT in co-teachers (in a mentoring relationship) of a post-secondary mathematics course in
modern geometry. The previous pilot study used a different theoretical framing by considering
MKT as shared knowledge between co-teachers, instead of considering MKT as part of an
individual’s cognitive structures. The previous study was much shorter, only observing two
lessons. Struggles in data analysis and further literature investigation informed the theoretical
framing and methods of the current study.
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In the current study, observations of teaching and interviews before and after the
observed lessons provided a description of each participant’s teaching and the mKt that each
participant demonstrated (Izsák et al., 2012; Rowland, 2013; Silverman & Thompson, 2008;
Towers & Proulx, 2013). To account for what was described by the teacher and how the
teacher’s actions present dimensions of their mKt, interviews and observation allowed for
triangulation of data and provided information regarding the teacher’s knowledge of
mathematics that was used in the work of teaching (Q1). The learning environment was analyzed
using Schoenfeld’s TRU Math framework dimensions (Schoenfeld et al., 2014) and crossreferenced to utterances coded as contributing to the TRU Math dimension and the mKt profiles
of each participant to investigate how teachers’ mKt impacted their learning environment (Q2).
Teacher actions during class were identified using the TRU Math framework. For example,
consider if one of the participants introduced rules to calculate derivatives of functions by first
doing a task asking students to order the slopes of the graphs of three linear functions. If then the
participant gave the students two minutes of private think time before asking students “can we
order the slope of these lines?” that action would be coded as evidence of the mathematics
dimension of the TRU Math Framework and related to that participant’s goals for the lesson that
day of connecting the rules to calculate derivatives with the concept of slopes of lines.
Data Collection
Setting
A pair of co-teachers teaching an undergraduate calculus course for pre-service
elementary teachers were solicited through invitation at the university location. The university is
a mid-sized university in the Rocky Mountain region of the United States. Due to international
crises, the class was taught using the online platform, Zoom (Zoom Video Communications, Inc.,
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2021). The co-teachers were teaching a calculus course for pre-service elementary teachers
focused on serving students with a mathematics emphasis. The course had 11 students enrolled.
Participants
The mentorship pair was chosen based on their description of their collaborative teaching
style. Preference was given to co-teachers who described a relationship that more closely
resembled co-teaching instead of mentoring or coaching. Co-teachers consisted of one faculty
mentor and one graduate teaching assistant mentee. Both co-teachers had to be willing to
participate in the study to be selected. Neither co-teacher had taught the class before this
occasion. The names of the participants are pseudonyms.
Jack
The mentee, Jack, was a fourth-year graduate teaching assistant. He was taking a course
with Rosa as the instructor concurrently while co-instructing the calculus course. Jack had
previously taught all three of the pre-service elementary teacher courses for non-mathematics
emphasis students as well as Mathematics for the Liberal Arts and had co-taught Discrete
Mathematics with a different instructor.
Rosa
The mentor, Rosa, was a faculty member who taught in the mathematics department for
the past ten years. Rosa had not taught this course before, but had co-created the content with its
previous instructor. She designed and taught its pre-requisite every fall semester since 2015.
Rosa revised and coordinated the first two courses for pre-service elementary teachers in the
non-mathematics emphasis for the department from 2011-2015. She taught a course in teaching
methods for elementary mathematics track students six times. Rosa also taught Linear Algebra
many times from Fall 2013-Spring 2017, designing and implementing flipped classroom
activities. Other faculty still use these activities. Rosa designed and taught many different
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mathematics education graduate courses. She participated as a researcher in developing student
creativity in undergraduate mathematics courses. Prior to working at her current university, Rosa
designed and taught Pre-Calculus courses for different student populations and designed and
taught special recitation sections for a Calculus III course designed for emerging scholars who
were marginalized students. In preparation for this course, Rosa was a graduate student selected
with others to attend training at UT Austin for creating activities for their identified course, hers
being Calculus III.
Methods
Data collection began with an initial interview with each individual participant to inquire
into their mKt, (goals, resources, and orientations) for the course they were teaching. Cycles of
pre-week semi-structured interviews, a planning meeting, a week of lesson observations, and
post-week semi-structured interviews were recorded for the duration of six weeks of the course.
These cycles of interviews and observation allowed the researcher to compare the preparation
and execution of a lesson led by each instructor. The lesson observations allowed the researcher
to see how the teachers executed their lesson planning and to see the teacher’s mKt in action, as
the teachers plied their trade (Q1). The observations provided an opportunity for the researcher
to investigate the impact of the participants’ mKt on the learning environment (Q2). The
observed lessons were recorded using the video conferencing platform, Zoom. The video was
transcribed using transcription software, Otter.ai (Otter.ai, Inc., 2021). Electronic copies of
documents or artifacts used during the lessons were solicited from the participants such as pdfs
of worksheets or slide shows used in the lesson (no student work). The TRU Math framework
was applied to the lesson observations to investigate the learning environment. The data
collection concluded with an ending semi-structured interview with each participant, inquiring
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about their experience teaching the six weeks of course content with their co-teacher and their
ending mKt (i.e., goals, resources, and orientations) toward teaching the class in the future.
Initial and final interviews were conducted with each participant before the first pre-week
interview and after the last post-week interview respectively. The interviews were conducted
online using the video conferencing platform, Zoom (Zoom Video Communications, Inc., 2021),
and were recorded and transcribed. The purpose of the interviews was to inquire into each
teacher’s mKt considering the course overall. The pre-week and post-week interviews focused
on each teacher’s mKt in relation to that week of content and teaching. In the initial interview,
teachers were asked about their goals, resources, and orientations; content of the upcoming
weeks; and background information including questions such as: what is your next unit of
content (background), what do you hope students might learn in this unit (goals), tell me about
your students (background, orientations), who takes this class (background), why is this content
important to your students (orientations), and how do you expect your students to respond to this
unit (mkt, orientations). Final interviews explored the teacher’s mKt following their experiences
teaching during the six weeks of the study using questions such as: what did you learn about
your students in this unit (mkt, orientations), what did you learn about the content during this
unit (mkt, resources), and how might you teach this unit differently in the future (orientations,
goals).
Individual pre-week interviews were conducted before the first class of the week (cycle),
but after the last class of the previous week. Individual post-week interviews were conducted
after the last class of the week and before the first class of the next week. Each interview lasted
30-60 minutes. The co-instructors also held a 30-60 minute weekly planning meeting, where they
reviewed student homework, proposed content and tasks for the week, and planned future
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assessments. A week’s worth of classes met two times and was considered a lesson cycle. The
co-teachers generally planned one week at a time, with an eye for tasks and assessments two or
more weeks in advance. The semi-structured interviews were all conducted online through an
online conferencing platform, Zoom (Zoom Video Communications, Inc., 2021). All interviews
were recorded and transcribed using transcription software, Otter.ai (Otter.ai, Inc., 2021). These
interviews allowed for the researcher to further explore the mKt of each participant and how the
mKt was used in the planning and execution of the lesson (Q1). The pre-week interview was
conducted with each participant individually to investigate what mKt each teacher had regarding
the upcoming lesson. This interview also focused on each co-teacher’s goals, resources, and
orientations with regard to the next week of lessons. Examples of questions included: what do
you hope to have happen in class this week and why (goals, orientations), how do you expect
students to respond to these lessons (mkt), what is most important for students to take away from
these lessons and why (orientations) and what connections exist (or could exist) between
important ideas in this lesson and important ideas in past and future lessons (mkt) (see Appendix
B for protocol). Any materials created and used by the participants in planning or teaching were
solicited and collected electronically such as slides or formal lesson plans created while the coteachers were planning.
The post-week interviews were conducted using video conferencing with each participant
individually to further inquire into what happened in the lesson, who made what decisions, and
what they thought about how the lesson went. These interviews were video recorded (Zoom
Video Communications, Inc., 2021) and transcribed (Otter.ai, Inc., 2021). Interviewing
participants separately allowed participants to answer without being influenced by the presence
of their fellow co-teacher, as the individual co-teachers were not always in agreement during the
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planning due to norms in their relationship of mentor and mentee as well as student and teacher.
Individual interviews provided the opportunity to inquire into the power relationship of the
participants more freely and investigate more directly each individual participant’s mKt. For
example, if the mentor and mentee disagreed during their planning session about how to conduct
the oral exams for the end of the semester, the mentee might speak more freely in their pre-week
and post-week interviews than in the planning session during the disagreement with the mentor
present. In the post-week interview, the researcher asked each participant what they were
intending with their action and what happened following the lesson between the co-teaching pair,
thus providing each participant’s perspective on the encounter. Examples of post-interview
questions were: did your students develop the understanding you hoped they would develop
(goals), what did students learn and how do you know (resources, mkt, orientations), how
comfortable do you feel bringing forth your ideas or doing something different than your coteacher (power), and do you feel you have the authority to do something different than co-teacher
(power). See Appendix B. Table 1 provides a summary of each method, the analysis conducted,
and which research questions was addressed.
Data Analysis
All coding of transcripts and further analysis was done using NVivo (QSR International
Pty Ltd., 2020). Utterances in transcripts were coded as complete thoughts, usually multiple
sentences. This partitioning allowed the researcher to include the context within the code and
verify the appropriate code(s) that were used.
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Table 1
Mapping Data Source, Analysis, and Research Questions
Method

Analysis

Pre-Cycle Semi-Structured
Interview
(The questions elicited responses
from participants about their
goals, resources, and
orientations [mKt].)

• Each interview was recorded, transcribed and coded,
identifying moments which provided evidence of
goals, resources, and orientations.

Initial Semi-structured Interview
(The questions elicited responses
from participants about their
goals, resources, and
orientations [mKt].)

• Each interview was recorded, transcribed and coded,
identifying moments which provided evidence of
goals, resources, and orientations.
• Each interview’s codes were considered/analyzed in
light of the codes from the lessons they correspond
to and the post interview of the same cycle using the
constant comparative method.
• A narrative of each teacher was written considering
themes found across cycles.

Research
Question

Q1

Q2

Q1

Lesson Observations
(Lessons were recorded,
transcribed, and coded for
moments that provide evidence
of Schoenfeld’s TRU Math
framework dimensions
[specifically the content and
cognitive demand dimensions].)

• The TRU Math observation framework analysis was
summarized to write a case for each cycle of lessons,
summarizing the nature of the classroom learning
environment as seen through the dimension of the
TRU Math framework considered.
• The mKt codes across interviews were compared to
the TRU Math scored lesson observations to look for
themes of how mKt is influencing the learning
environment.

Q2

Post-cycle Semi-Structured
Interview
(The questions elicited responses
from participants about their
goals, resources, and
orientations [mKt].)

• Each interview was coded, identifying moments
which provide evidence of goals, resources, and
orientations.
• Codes from interviews were considered/analyzed in
light of the codes from the lessons they correspond
to and the post interview of the same cycle.
• Then a narrative of each teacher’s mKt for Weeks 35 was written.

Q1

Final Semi-Structured Interview
(The questions elicited responses
from participants about their
goals, resources, and
orientations [mKt].)

• Each interview was recorded, transcribed and coded,
identifying moments which provided evidence of
goals, resources, and orientations.

Q2

Q2

Q1

Q1
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Lesson Video Analysis
Two forms of coding occurred to lesson videos: scoring of lessons as a whole unit using
the TRU Math framework, and simultaneous provisional coding (Miles et al., 2014) lesson
transcripts for individual utterances that contributed to the overall TRU Math scoring for a
particular dimension. For the lesson scoring as a whole, a subset of five lesson videos (including
lessons led by Jack and Rosa) were coded using Schoenfeld’s TRU Math framework observation
guide (see Appendix A). These associated lesson transcripts were provisionally coded as well
using all five dimensions, simultaneously coding utterances that were related or contributed to
the TRU Math scoring code for a given dimension (i.e., explaining the mathematical solution to a
proposed task was coded as mathematics). Then, the dimensions of the mathematics, cognitive
demand, and agency, authority, and identity were chosen for further analysis as these dimensions
had adequate evidence and occurred most often in the sample subset. The dimension of access to
mathematical content could not be adequately evaluated due to a lack of evidence in the online
setting. The researcher could not determine the access students had to the mathematics in the
online setting, or their level of participation beyond whether the students “talked” that day. Then
all lesson videos were scored for the three chosen dimensions of the TRU framework: the
mathematics; cognitive demand; and agency, authority, and identity and their lesson transcripts
were deductively coded for utterances supporting those dimensions and each lesson received an
over-all score for each dimension studied. See Table 2 for examples of codes. Note that each of
these codes represents the mathematics being discussed and examples of students engaging in or
being referenced as the authors of mathematics. Therefore, each example shows the overlap of
the mathematics dimension and the agency, authority, and identity dimension.

36
Table 2
TRU Math Framework Deductive Coding
TRU Math
Code
The
Mathematics

Description
Classroom instances
demonstrating “How
accurate, coherent, and
well justified is the
mathematical content?”

Cognitive
Demand

Classroom instances
demonstrating, “To what
extent are students
supported in grappling
with and making sense of
mathematical concepts?”

Agency,
Authority,
and Identity

Classroom instances
demonstrating, “To what
extent are students the
source of ideas and
discussion of them? How
are student contributions
framed?”

Example
From Jack (Week 4 Day 2 Discussing which line
represents the derivative of which line) (see Figure 5):
Jack: Okay, squad, what are we thinking? Anyone got an
argument for me?
Student: I thought that the black line was the original
function. And then I thought the green one was the second
derivative, I mean, the first derivative and then the blue
and white-blue one was the second derivative. And I like
thought that because I kind of went off the first like the
first one we saw because the original function and the
second derivative have the same place of where they cross,
and the second derivative is higher. And so and then the
first original function is increasing, and then it has a slight
decrease and then increases again. And the first derivative
in the second derivative both have the concave up, and
then it goes to concave down.
From Rosa (during Week 3 Day 2 Discussing sketching
derivatives of graphs of functions):
As a reminder to myself, when I'm sketching it, I have to be
careful at those points, those x values. So I'm going to use
[student name]’s idea that noticing that from five to
infinity, our function is constant. So I'm going to give you
that like there is an open circle, and this is going to be
zero, right there. Okay, how about from here to here from
negative four to negative three? What's happening to the
graph of 𝑓 of 𝑥? What kind of graph do we see?
From Jack (Week 4 Day 2):
Jack: So is this function changing at 𝑓 of negative two?
Student: No.
Jack: Can you say more?
Student: I mean, it's a const-, the slope would be constant
that line, right? Because it's, I mean, at least from negative
one.
Jack: Okay.
Student: Maybe I'm looking at it wrong?
Jack: No, you're looking at the correct, it's just a little bit of
the language is off.

Note. All quotes in TRU Math section taken from the Summary Rubric used to score lessons
(Schoenfeld et al., 2014).
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Figure 5
Week 4 Day 2 Which Graph is the Derivative

Note. From “3.1 Using derivatives to identify extreme values” by M. Boelkins, D. Austin, and S.
Schlicker, 2020 (https://activecalculus.org/single/sec-3-1-tests.html). CC BY-SA 4.0.

Interview Analysis
All interviews were transcribed and deductively simultaneously coded looking for
evidence of mathematical knowledge for teaching (mkt) and mathematical Knowledge for
teaching (mKt) using codes of goal, resources, orientations, and mkt. Note mkt is a subset of
resources so there was coding overlap (see Table 3). For mKt, coding included codes such as
resources, goals and orientations. Resources were coded in interviews from explicit statements
by the participant about what they have available to help them in teaching. mkt was included in
resources and was coded when the participants discuss their understanding of mathematical ideas
or teaching strategies.
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Table 3
Mathematical Knowledge for Teaching (mKt) Deductive Coding
mKt Code
Goal

Definition
“are the things that people
consciously or unconsciously
set out to achieve,”
(Schoenfeld, 2011, p. 459)

Example
Jack: “I would like them to walk away
from the week with a connection to
their career in some point to that
concept.”

Resource

explicit statements by the
participant about what they
have available to help them
in teaching. (This code was a
parent code of mkt.)

Jack: “We have things that we know
that they can do, and like we have
activities planned from past semesters
that we can use, but we just don't
really see the connection to their
careers yet.”

mkt

Utterances when the
participant utilized their
knowledge of mathematics
for teaching such as
progression of content or
anticipating student thinking.

Rosa (regarding the ordering of week
3 examples): “after that…I kind of
knew that they were [would]
immediately tell me that the product
rule is going to be the two derivatives
multiplied so and then the constant.
And the linear function would give a
really good example how it doesn't
work like that. And that's why I use the
product rule after that.”

Orientation

beliefs, values, preferences,
and tastes of the teacher

Rosa: “I think, for me, mathematics and
teaching of mathematics, learning of
mathematics really about the
processes.”

Not all actions coded as resources are mkt. For example, the use of an online
manipulative during class such as Desmos is an example of a resource that is not mkt, the teacher
is using the application but it is not part of the facts and knowledge in their minds. Goals were
coded when participants discussed what they hoped to achieve in the class, what they hoped
students would do as a result of participating in class, or other actions the teacher set out to
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achieve. Orientations were coded when participants discussed their classroom philosophy, their
guiding understanding of teaching and learning of mathematics, or their beliefs about students,
mathematics, and teaching. Again, codes overlapped as dimensions of mKt overlap (Schoenfeld,
2011).
Constant Comparative Method
Codes from each cycle were analyzed for patterns, a second round of coding used the
constant comparative method (Glaser & Strauss, 1967; Miles et al., 2014) to compare and find
themes in the utterances and actions coded within the same code. For example, the researcher
observed all the utterances and actions coded as goals and considered themes within the
category. Memos describing themes from each cycle for each co-teacher were used to write cases
for each co-teacher describing their mKt.
Cross Case Analysis
Themes found in goals, resources, mkt, and orientations were compared between
participants. Furthermore, themes in goals, resources, mkt, and orientations were compared to
the TRU Math dimension scores in lessons taught by each participant.
Researcher Perspective
The researcher attended a program for pre-service mathematics teachers, and then participated in
a mathematics graduate program to obtain their master’s degree. The researcher is currently
engaged in studies for their doctorate in educational mathematics. These experiences have
developed orientations and resources about mathematics and education such as a belief that
students should be given the opportunity to learn using inquiry and exploration to aid them in the
construction of mathematical knowledge. This orientation may have impacted what the
researcher perceived in interviews or lesson observations or how they interpreted a teacher’s
actions.
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The researcher previously co-taught two different classes with three different faculty as a
mentor. The researcher found they learned a great deal about teaching during these experiences
and how to aid students in learning mathematics. Additionally, they felt they learned most from
cooperative co-teaching relationships and acknowledge that these opportunities impacted their
mKt and the decisions they made in the classroom. These experiences and the orientations that
resulted from the experiences led the researcher to consider how co-teacher’s mKt impact their
classroom and how they interact in their joint teaching efforts.
As a graduate student, the researcher participated in the Collaborative Research: Initiating
a Foundational Research Model for Secondary Mathematical Knowledge for Teaching
(INFORMS MKT) project supported by the National Science Foundation under Grant No.
DUE1534977. This project investigated secondary teachers’ MKT and helped to inform the
research design of this project, as did their pilot study which considered MKT as a social
construct. The researcher anticipated that their experiences in these projects influenced their
perceptions of what they observed in interviews and lesson observations.
Validity and Trustworthiness
In video recording interviews and lesson observations over the course of a full unit, data
were descriptive and able to be reviewed repeatedly in the analysis process. Observations as well
as pre-lesson and post-lesson interviews were used to triangulate data, allowing participants to
further explain their actions from class or to demonstrate their words in action during class
further supporting the credibility and confirmability of the research.
The researcher kept a researcher journal to bracket biases and track their thoughts at each
stage of the research process, thus promoting researcher reflexivity. What was noted in
observation and analysis by the researcher was influenced by their goals, resources and
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orientations, thus the researcher’s analysis was heavily impacted by their beliefs about teaching,
co-teaching, pre-service teachers, what it means to learn, and mathematics. Thus, the researcher
used the researcher journal to help track biases and strove to check that their interpretation of
teacher actions was as congruent as possible with the teacher’s perspective through interviews
and member checks. An audit trail was kept for the data supporting validity. The researcher also
conducted regular meetings with their research advisor to discuss the project and serve as a form
of peer evaluation (Merriam & Tisdell, 2016). Further peer evaluation occurred through
discussion of the project with another graduate student. The researcher discussed what they are
thinking and seeing in their research.
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CHAPTER IV
FINDINGS
Schoenfeld (2020) defined mathematical knowledge for teaching (mKt) as the tacit and
explicit perceptions that inform the decisions made by a teacher in the course of teaching. There
are three factors of mKt: goals, resources, and orientations. “Goals are the things that people
consciously or unconsciously set out to achieve,” (Schoenfeld, 2011, p. 459). Therefore, in this
study, goals include goals for student understanding, goals for student skill development,
personal goals, etc. Resources include classroom tool availability, curriculum, and the personal
knowledge of the teacher. mkt is a subset of a teacher’s resources as it is the mathematical
knowledge used to inform their teaching and is thus a resource. An individual’s orientations
include “beliefs, values, preferences, and tastes” of the teacher (Schoenfeld, 2011). This study
investigated the following research questions:
Q1

What is the mKt of each instructor during a mentorship in teaching calculus for
pre-service teachers in collegiate mathematics?

Q2

How does the mKt of each co-instructor influence the learning environment they
inhabit?

The following results focus on evidence from interviews and class instruction during Weeks 3-5
of the study as well as the initial and final interviews with each participant. Weeks 3-5 of the
study correspond to weeks 12-14 of the academic semester. The initial interviews refer to the
first interviews conducted with each participant before observations occurred, inquiring about the
course as a whole as well as the participants’ preparation for the first classroom observation. The
final interviews were conducted following the final classroom observation and regarded
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reflections on the course as a whole and on the sixth week of classroom observations. Interviews
were first coded for mKt factors: goals, resources, orientations, and mkt. Then using the constant
comparative method (Glaser & Strauss, 1967), themes were deduced in each factor of mKt.
Weeks 3-5 were chosen for further exploration after all interviews were coded for mKt codes and
after initial coding for utterances contributing to their Teaching for Robust Understanding (TRU)
rubric score by dimension (Schoenfeld et al., 2014) of all weeks using the TRU Math framework.
Week 1 had one day of data due to start up paperwork. Weeks 3-5 were chosen for the following
reasons: 1) over the course of these weeks each co-teacher taught at least twice, 2) the weeks
were sequential allowing for investigation of the teachers’ thinking as the content progressed,
and 3) the mathematical content of Weeks 3-5 was content covered during a typical calculus
course (College Board, n.d.)
Only three dimensions of the TRU Math Framework were evaluated in the present study,
the mathematics, cognitive demand, and agency, authority, and identity. In the initial coding of
the lesson transcripts, these dimensions had the highest number of coding instances (see Table
4). The access to mathematical content dimension required more knowledge of student
participation for which the data did not provide.
During Weeks 3-5, lessons focused on sketching and identifying the graphs of derivatives
of functions, related rates problems, and implementing rules for calculating derivatives of
functions. Specifically, Week 3 content focused on sketching the graphs of the derivative of
functions through consideration of tangent lines and then introduced rules to calculate the
derivative of functions. Rosa taught all classes during Week 3. Week 4 focused on implementing
rules for calculating the derivatives of functions, interpreting word problems, and the meaning of
the derivative of a function, as well as relating graphs of the first derivative, second derivative,

44
and the original function. Week 4 Day 1 was taught primarily by Rosa and Week 4 Day 2 was
taught primarily by Jack. During Week 5, Jack led related rates for half of Day 1 and Rosa led
the second half. On Day 2 of the Week 5, Rosa led the class period which discussed global and
local minimum and maximums of functions as well as another related rates problem.

Table 4
TRU Math Dimension Code Frequencies by Week (in percentages)
Code

Week

The Mathematics

1
36.78

2
31.91

3
40.41

4
42.41

5
37.18

6
40.40

Total
38.38

Cognitive Demand

22.99

21.28

19.18

20.89

21.79

16.56

20.26

Agency, Authority,
and Identity

16.09

24.11

22.60

21.52

21.79

27.81

22.77

Note. Code counts were overlapping. Percentages are provided to give proportional comparison
among weeks. Week 1 only contained one day of data.

This chapter first describes the mKt profile of each participant and ends with a cross-case
analysis of the participants’ mKt profiles and Teaching for Robust Understanding lesson scores.
Note italicized words in quotes denote the speaker’s change in tone.
Mathematical Knowledge for Teaching (mKt) Profiles
Each participant profile begins with a summary of the individual’s mathematical
Knowledge for teaching (mKt) profile. The section then describes in greater detail the themes for
the participant’s goals, resources, and orientations which constitute the individual’s mKt.
Evidence of learning is the fourth section of the participant profile and describes the evidence the
participant used to defend their claims that their students learned a concept. Evidence of learning
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occurred as a theme during the first round of coding interviews and made apparent the
intersection of the three dimensions of each participants’ mKt. The codes of goals, resources,
mkt, orientations, and evidence of learning overlapped. In particular, resources and mkt codes
overlapped greatly. This overlap occurred as the researcher coded larger chunks of interviews
(holistic coding [Miles et al., 2014]), allowing more context to be included in the chunk. By
including more context, the utterances were easier to interpret at a later time. Thus, when a
participant mentioned a reference and then discussed how they implemented it during class, the
utterance was coded as both resources and little mkt. The code of orientations had the greatest
code count with 308 utterances between the two participants. Evidence of learning had the least
code count of 29 utterances followed by goals with 138 utterances. Orientations was the only
code where the number of Jack’s utterances was greater than then number of Rosa’s utterances.
Goals, orientations, and evidence of learning each overlapped the most with resources and mkt.
Therefore, utterances related to a participant’s mkt also demonstrated evidence of goals,
orientations, or evidence of learning.
Jack’s Mathematical Knowledge for
Teaching Profile
Jack had goals related to student learning and the applicability of the content to the
students’ future teaching; both aligned with his orientations. His resources included his own
knowledge and experiences from learning and teaching pre-service teacher courses, as well as
the internet and instructional materials Rosa created (such as slides). Jack believed students
learned through dialogue about mathematical concepts and believed it was the role of the teacher
to provide opportunities for that communication. To evaluate student learning, he cited evidence
of in-class dialogues and students’ responses to written assignments. This section describes in
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greater detail themes found in Jack’s goals, resources and mkt, orientations, and the evidence
Jack cited of student learning.
Goals
Jack had 66 utterances coded as goals during Weeks 3-5. Table 5 provides counts and
examples of the main themes found across both participant’s goals. Hence, mathematical
processes and progression of class are included in the table even though none of Jack's
utterances related to these categories of goals. Codes were not mutually exclusive, though no two
goal themes overlapped significantly (meaning overlap in codes occurred less than half of the
instances coded in any pair of themes). Themes of over 10 utterances were communication,
conceptual understanding, mathematical content themes, pacing, and student behavior goals.
Jack claimed he and Rosa did not have semester long/course goals, yet his goals for
students generally belonged to one of two themes: conceptual understanding of the content of
calculus and supporting students in developing skills needed to communicate their mathematical
understanding. These goals for students were supported by the goals Jack had for the classroom
environment and activities. Jack wanted students to have “opportunities to explore and struggle
with the mathematics themselves” through small group and large group conversations regarding
tasks. Also, Jack wanted the course content to be relevant to this population of pre-service
teachers to support their future work as teachers. Jack believed students learned through
conversations with others and thus felt student participation in class activities and discussions
was crucial for their learning. Jack’s beliefs about student learning will be discussed in greater
detail in the Orientation section due to beliefs being part of his orientations.
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Table 5
Jack's Goals Subcode Count
Number of
Examples
data Excerpts
Jack
Applicability of the Content to
7
Jack: “I think that we are trying to make some ties to
students: goals which discussed
geometry, as we believe that that has a heavy emphasis, or we
the desire to make content
know that it has heavy emphasis in the elementary
applicable to students’ future as
curriculum”
teachers
Challenging Students: goals
4
Jack: “And then I wanted to give them an opportunity to kind
relating to challenging students
of go back and forth between reading the two graphs, and I
think it would have been a more challenging task to ask them
the chain rule question.”
Communication: goals relating
12
Jack: “And whether or not they can justify the claim of what
to developing students’
the exact max is, I feel like they should at least be able to
communication skills
make a cohesive argument for why that square in our first
example, is the maximum area.”
Conceptual Understanding:
15
Jack: “So the things I would like them to really understand by
goals relating to developing
the end of the week, is how to identify shifts in concavity on a
students’ conceptual
graph. Without having to like calculate first and second
understanding. Often
derivatives, just be able to look at those graphical
manifesting in goals for making
interpretations and kind of see the underlying graph for the
connections between content.
derivative and the second derivative. Those would be nice
things for them to walk away from the week with.”
Goals for Instruction: goals for
5
Jack: “We give students those opportunities to explore and
instructors as they taught
struggle with the mathematics themselves. We did not want to
be overbearing in this class, and it's one of our main goals.”
Mathematical Content
12
Jack: “Like as this side length changes, this side length
Themes: goals regarding
changes, and this is the kind of thing that happens. Like that's
supporting class themes about
what I would love for them to say, in their class. And I think
mathematical content such as
that they they [sic] can after this week.”
rate of change or describing
functions.
Mathematical Processes: goals
0
relating to developing students’
mathematical processes
Pacing: goals related to what
11
Jack: “So kind of talking about what certain derivative
days content will be discussed
concepts mean, in more of a conceptual manner. And then
we're going to start talking about the relationship between
continuity and differentiability and explore that for a while.
And then yeah, we're going to really emphasize this limit
definition for derivatives and relating it to our derivative, our
traditional derivative rules.”
Progression of Class: goals
0
related to the order in which
content will be discussed and
how the content will connect to
itself.
Definition

48
Table 5, continued
Number of
Examples
data Excerpts
Jack
Student Affect: goals related to
3
Jack: “That was one of my goals. I definitely wanted them to
developing students’ feelings or
feel comfortable going into finals week definitely didn't want
attitudes.
them like too scared of what was to come. And I think that
the measures that she took to reduce rigor and ease their
anxiety worked, I think that they are feeling decently
confident, at least most of them, all the students that we
would like to feel confident.”
Student Behavior Goal: Goals
11
Jack: “And whether or not they can justify the claim of what
discussing student behavior.
the exact max is, I feel like they should at least be able to
make a cohesive argument for why that square in our first
example, is the maximum area.”
Definition

Note. Highlighted cells identify counts of 10 or greater. Mathematical processes refer to the
Common Core Mathematical Practices (National Governors Association Center for Best
Practices & Council of Chief State School Officers, 2010) or the National Council of Teachers of
Mathematics mathematical processes (National Research Council, 2001).

Jack’s focus on applicability of the content to the students was based on his previous
experience teaching other mathematics courses for pre-service elementary teachers and his own
experience in K-12. For example, when discussing teaching related rates content, Jack said,
I think that this related rate thing for optimizing like a square, rectangle, or perimeter and
area- those things is [sic] really good kind of critical thinking for earlier stages in
elementary school, that definitely don't need to apply the ideas of calculus. But can- you
can reason about the sizes. And you saw [student name] yesterday, just come to the
conclusion that it shouldn't be a square.
In the initial interview, Jack described mathematical themes for the course as 1) allowing
students to explore how functions change and how to identify those changes in different
representations of functions (i.e., algebraic, graphical, in a table), 2) for students to apply
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algorithmic rules for calculating derivatives to functions in various forms (i.e., equations, tables,
graphs), 3) for students to connect the concept of derivatives and the concept of limits, and 4) for
students to recognize and describe patterns. He wanted students to use derivatives and interpret
derivatives in contexts such as word problems regarding pizza sales, travel over distance and
time, and temperature change over time. These goals are the specified versions of conceptual
understanding for the content of derivative rules: if students understand the meaning of the
derivative of a function, they will be able to discuss the meaning of the derivative of a function
constructed from a context such as the rate at which their profits increase based on number of
pizza slices sold.
Jack stated that he and Rosa tried to make connections to other parts of mathematics with
which students have engaged or will engage. During Weeks 5 and 6, Jack connected related
rates content with geometry topics of area/perimeter and volume.
Jack claimed he and Rosa were trying to give students the opportunity to explore the
language of calculus, which was different than how he learned mathematics, namely,
[w]e don't want to give them a definition, and then send them out on their own to try and
translate it. Which is how I feel I learned mathematics a lot is, go read this chapter, know
what all the different definitions mean, when you come and then we're going to go prove
some stuff. Where it really feels like we're helping them understand all the definitions,
and we're letting them build those things that build the larger concepts, build some of
those skeletons of proofs outsides outside of class.
This quote demonstrates how Jack perceived their classroom, as an environment for students to
grow in their understanding of mathematical concepts and shows the integration of the
conceptual understanding of mathematics with the communication goals Jack held.
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Jack stated another instructional goal was that every student participate at least once a
week for “some sort of extended period of time.” He felt that the student participation goal for
each class was one way to support a larger course goal related to developing student
communication of concepts. He said,
But I really do think that for me to believe that somebody knows it, I need them to be
able to talk about it. I need to trust that they could teach this at some point and
communicate it to somebody else. And so that's personally why I emphasize that.
Throughout the three-week period, Jack wanted to spend more time with students
working on tasks in small groups and in class participation with the students. During Week 4, he
commented that he did not get participation from all students, but only a handful because they
may be more comfortable with Rosa than himself. Jack commented later that he believed it was
because most students had Rosa as their instructor in the previous course and thus had more
experience with Rosa than with Jack.
During pre-week, post week, and planning interviews, Jack’s weekly content-relatedinstructional goals typically discussed what the students would do. For example, during Week 4,
Jack had the goal that students would identify shifts in concavity of the graph without first using
the equation to calculate the first and second derivative and then solving. Additionally, he
wanted students to be able to sketch the graphs of the first and second derivative given a graph of
a function. These goals are sub-goals of the course goals focusing on the actions of the student:
Jack wanted students to make connections between the mathematical ideas and be able to
communicate their understanding of mathematical concepts. He took students' identification and
descriptions of changes in the concavity of graphs as evidence of them communicating their
understanding of concavity.
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During the final interview, Jack said that he felt that the co-teachers met the goals of their
class. Jack further explained meeting goals meant that Rosa and he provided students a
summative picture of rate of change and during the last days of class, Rosa was able to
summarize the course content and connect the different concepts that had been addressed during
the course. He also claimed they were able to keep “continuous engagement of students”
throughout the course which was one of “their” goals, where continuous engagement meant,
students did not “shut down,” but continued to converse about content. He often stated goals as
shared by Rosa and himself. Jack expanded on his description of continuous engagement from
student not shutting down to include how students were discussing the content. Jack said,
As for content, I really felt that the students were engaged in the graphical representations
and the picture representations of different situations, but still often struggled to interpret
them on their own. They always seemed engaged. They always had guesses. They always
were able to talk about the graphs and things, but they were not always able to well
articulate their answers or demonstrate full understanding
Jack did not explicitly give a reason why connecting mathematical content together was
beneficial to students or why content should be connected to students’ future teaching apart from
engagement and usefulness. His main goals for students for the course were to help students
develop a conceptual understanding of the calculus content and to develop students’ skills in
communicating that understanding. Based on Jack’s orientation of how learning occurs through
communication and productive struggle with the content, Jack had goals that the learning
environment provide opportunities for students to engage in productive struggle with the content
and have opportunities to practice communicating their understanding of the content.
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Resources
Of the 126 resource codes, 120 were mathematical knowledge for teaching (mkt) codes.
As discussed in the introduction, utterances coded as resources were often double coded as mkt.
Most of the utterances coded as resources were when Jack’s utterances provided evidence of his
mkt. Utterances coded only as resources occurred when Jack described the textbook and its use
by Rosa. Resources are the knowledge of the teacher as well as the tools available to them as
they make decisions in teaching. Table 6 provides the counts of the primary subcodes across both
participants’ resources. Codes were not mutually exclusive and most subcodes overlapped with
mkt because when a participant discussed a resource, the participant usually discussed how they
used the resource (mkt). Jack’s main resources were: his mkt, their course textbooks, student
discussion during and outside of class, the previous instructor and their materials, the slides used
during instruction, his co-teacher, and the online teaching environment of Zoom (Zoom Video
Communications, Inc., 2021).
When Jack taught, he used the slides with tasks prepared by Rosa. He had the opportunity
to change or add tasks for class, but stated he lacked the time to search out alternative tasks.
During Jack's pre-week 4 interview, he discussed how he prepared to teach a lesson for that
week. He described searching for materials using Google and reviewing the materials that Rosa
prepared. He commented he would like to “delve deeper into the internet” to try to find problems
more related to students’ future careers but was unsure what he would find.
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Table 6
Jack's Resource Subcodes
Descriptions

NCTM or Official Source:
resource codes mentioning an
official source
Book: resource codes
mentioning the textbook
Desmos: resource codes
mentioning Desmos
Previous Instructor:
resource codes mentioning
the previous instructor or his
course materials
Slides: resource codes
referring to the slides made
for class
Student Assignments,
Discussion, and Student
Hours: resource codes where
participants used student
thinking to inform their
classroom decisions
Using the Co-teacher:
resource codes where the coteacher or their thinking was
used in teaching decisions
Zoom Online: resource codes
related to the internet such as
Zoom or restrictions in
online environment is
mentioned
mkt: utterances when the
participant utilized their
knowledge of mathematics
for teaching such as
progression of content or
anticipating student thinking
Previous Student
Experience: a subcode of
mkt, utterances when a
participant referenced their
previous experience as a
student informing their
teaching

Number
of data
excerpts
Jack
0

1

Example

Jack: “I'm probably going to default to the book sections that
Dr. Rosa has recommended”

0
4

Jack: “We have things that we know that they can do, and like
we have activities planned from past semesters that we can use,
but we just don't really see the connection to their careers yet.”

4

Jack: “Rosa, somewhat prepared, like at least my intro materials
for Thursday. But I'm going to be like designing something and
just kind of running with it on Thursday for material that, you
know, it's it's [sic] not my forte.”
Jack: “And the other thing that was, I don't want to call it an
issue, but just like, something to maybe say a little more about
class is number four. …I don't think anyone got the matching
incorrect, but their explanations were, in my opinion, not very
good overall.”

7

8

3

Jack: “I would often bounce off of Rosa and say, Hey, like, do
you think I need to add anything here? You think we're good.
And that that was kind of how I made sure that I was doing the
things that I needed to in class.”
Jack: “But I'd really like to, if I have the time delve a little
deeper on the internet, try and find something related to their
careers to pull in to give them a more grounded example.”

120

Jack: “I thought critical points were a bit more intuitive. And
we're just going to kind of be able to breeze through some of the
graphical interpretation things, because they seem they seem
pretty good in terms of pictures before and reading graphs. And
so I thought that that was going to go a little smoother.”

8

Jack: “I think where they're really going to struggle is where I
struggled in my calculus course, which was related rates. I
personally think that related rates and optimization are some of
the hardest units in a calculus course. They were for me, and so
I'm going to kind of go into teaching that with that in mind,
might be difficult for them.”
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Since this was the first time he taught this content, Jack said he did not always feel
comfortable with the content and thus would ask Rosa’s perspective about curricular materials.
For example, Jack was surprised when students struggled with critical points. During the lesson
he taught during Week 4, Jack twice asked Rosa if she had anything to add. He felt
uncomfortable with the content and when he sensed students struggling, he chose to ask for
Rosa’s input which was not how the co-teachers usually interacted during class. Usually, the
non-leading co-teachers said very little, possibly adding a few comments at the end of the
leading co-teacher’s exposition.
When choosing what order to present tasks during class, Jack often deferred to Rosa’s
experience and what she prepared in the slides. During Week 4, Jack led students through an
example then had students do a second example on their own. In the post week interview, Jack
wondered if he should have ordered the content differently, commenting,
I wanted to give them an opportunity to kind of go back and forth between reading the
two graphs, and I think it would have been a more challenging task to ask them the Chain
Rule question [first]. And so, I'm wondering if it would have been better to flip them.
Jack had experience teaching mathematics for pre-service elementary teachers, but not
calculus. He was more comfortable teaching content directly related to the previous content he
had taught such as ratio, proportion, and linear functions, compared to non-related content. Jack
said he liked referring back to examples from the mathematics for pre-service teachers courses
(i.e., linear functions). These examples were more comparable to examples the students would
use in their future teaching.
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Jack used his own experience learning Calculus and other mathematics topics to inform
how he presented solving related rates problems. Jack explained his thinking behind his
presentation of solving related rates problems with the students,
I think that that's the best way to solve problems, is to give yourself some examples to
work with, and write down all of the facts that you know about something. Personally,
that's how I feel about starting problems. And so when I try and introduce new contexts
to students, that's what I try and model for them.
The end of the quote also relates to Jack’s orientation that mathematics is learned through the
students communicating with others, and thus beginning problems with writing down what is
known.
Mathematical Knowledge for Teaching (mkt). Across both participants, utterances
coded as mkt related to either or both the content or pedagogical considerations such as
anticipating students thinking or ordering content. These two areas parallel Shulman’s (1986)
domains of mathematical knowledge for teaching: subject matter knowledge and pedagogical
content knowledge. Shulman’s subject matter knowledge relates to content knowledge in how
the teacher understands the content, both in the content itself and how the student develops
understanding of content. Pedagogical content knowledge relates to pedagogical considerations
in attention to responding to students and the classroom environment.
During interviews and the discussions Jack led during class, he demonstrated
understanding of calculating derivatives of functions using algebraic rules, the relationship
between the graphs of the original function and its first and second derivatives, problems
involving related rates, and the derivatives of exponential functions. Jack did not teach during
Week 3 and during his interviews, he tended to focus on the actions of the students more than the
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connections between mathematical content. The following description of Jack's mkt draws on
data collected from the interviews and classroom observations during Weeks 3-6. Hence, the
description may not capture the entirety of Jack's mkt. When Jack discussed connections
between mathematical content, he primarily commented that there was a connection but did not
usually expand on how or what connections students might see. He described more connections
among mathematical content during earlier interviews compared to later interviews. Most of his
comments described students communicating their understanding of the content through
interpretation of contexts within the problems.
Subject Matter Knowledge. Knowledge of the content is part of mkt as teachers utilize
this knowledge as they teach in planning what order to present the content, what questions to ask,
and in how they assess and interpret student thinking. Jack described the meaning of derivative
as “it's a [sic] interaction between two different- it's how two different quantities interact or are
related.” According to Britannica online, “derivative, in mathematics, the rate of change of a
function with respect to a variable.” (Britannica, n.d.) The language of these definitions differ,
however, the idea of identifying how change in a function’s input impacts the function’s output
is reflected in both definitions.
Jack also stated he wanted students to understand the relationship between limits and the
derivatives of functions. Jack felt this connection was missing from his own experience learning
about calculus. He did not describe the specific connection between limits and derivatives that he
wanted students to understand. In his initial interview, Jack stated he wanted students to be able
to apply derivatives, meaning,
I do want them to be able to do that, like be able to look at a table and to look derivative
rules and be given a function and just kind of do the derivative. But I also want them to
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be able to read contexts, find the function within a context and then be able to kind of
reason through a limit definition in terms of how the change is phrased in that question,
to estimate what the derivative is.
Jack wanted students to be able to calculate derivatives and identify derivatives in a context.
Jack viewed the algebraic rules for calculating derivatives of functions as necessary but
less important for this population of students because he did not anticipate students calculating
derivatives as part of their teaching duties. He seemed to know from memory the Power Rule,
Chain Rule, Sum and Difference Rule, and Product Rule. By his own admission, he struggled to
remember the correct ordering of the formula for calculating derivatives of quotient functions.
Jack did not teach this content explicitly in Week 3, so his understanding of this content was less
apparent. He anticipated students struggling with the algebraic computation required in this
content area, specifically if students were to use the limit definition of derivatives on a
generalized function to prove the rule to calculate the derivative of the function. Part of mkt is
having the content knowledge needed to plan successful lessons, part of that planning involves
anticipating student thinking and possible errors in student conceptions. Jack’s biggest concern
about this topic was that it was not directly related to students’ future work as teachers and that
the “algebra” or algebraic computation would “bog down” the students. He commented that he
felt quotient rule problems were easy for students to get “bogged down in” and were problems he
struggled with due to not remembering the appropriate order for the formula of the quotient rule
for derivatives. Jack might understand how the rules for calculating derivatives of particular
kinds of functions relate and build on each other but he did not express or demonstrate such an
understanding in the data collected. Typically, Jack discussed each rule in isolation of the other
rules for calculating derivatives of functions.
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Jack liked the problem asking students to find the derivative of a composition of
functions at a point given the graphs of the two functions (See Figure 6). He predicted,
the discussion of the Chain Rule and kind of interpreting those derivatives of like
composite functions, I think that's going to help them interpret like how two different
rates can affect one another. And once we start getting into units, I think that seeing the
related rates question is going to be a really good extension for them to have
contextualized in these problems.
He wanted students to understand how rate changed in a composition of functions. Jack
understood how to apply the Chain Rule to calculate the derivative of a composition of functions
given their graphs and wanted students to be able to connect the relating of rates to contexts. This
mkt is a blend of how Jack believed students learn and how to support this learning of the
mathematical content of rules for calculating derivatives of functions based on his understanding
of the content.
Jack valued teaching students the relationships between the graph of the original function
and the graphs of the first and second derivatives of the function because he saw the content as
directly applicable to the students’ future work as teachers. He believed the students would teach
graphical interpretation to their students and their knowledge of graphical interpretation and the
students’ ability to communicate information about a given function based on its graphs and the
graphs of its derivatives was beneficial. Jack knew critical points in the graph of the original
function could be identified as x-intercepts in the graph of the first derivative of the function and
locations of positive slope in the original graph of the function would be parts of the graph of the
first derivative where the graph was above the 𝑥-axis, etc. However, he felt less confident in his
ability to articulate this information to the students and asked Rosa to confirm his explanations
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during class. Jack used the problems set up by Rosa to teach this unit and was unsure outside of a
Google search, what resources he could find to help him teach this unit in a way that was
applicable to this population of future teachers. Jack did not mention any other resources to
support his teaching of this content, even resources for a more generalized population of
students. Jack was surprised by students’ struggle with parts of this topic such as distinguishing
between local and global extrema.
While discussing his leading of a Week 4 lesson with graphs, Jack recollected how the
discussion unfolded stating,
I think that we first concluded that the blue was the derivative of the black. And then we
were like, well, is the green the first thing? or is the last thing then? because if we're
pretty sure about blue and the black, like that relationship, we just really need to figure
out where the green goes. And I think the initial conjecture was that the green was the
original 𝑓. And the student didn't make like a terrible argument.

Figure 6
Week 4 Slide 10 Derivative Rules Given Graphs

Note. The graph and problem were created by Rosa for teaching in Week 4.
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Jack knew how to do the problem by considering the critical points in relation to the 𝑥intercepts of the graphs of the functions (see Figure 7) and wanted to use students’ thinking to
guide the conversation toward correctly identifying the graphs of the functions.
Jack also commented during the Pre-Week 4 interview, that if Rosa did not emphasize
the relationship between distance, speed, and acceleration during the next class, it was something
he would introduce as he felt that the example was very relatable for students to conceptualize
the relationship between a function and its first and second derivatives. Jack recalled these kinds
of examples really helped him in his calculus course. Jack commented that distance, speed,
acceleration were “super accessible” and,
Because the- most of the language is not new. Okay, like they're okay with distance,
velocity, and acceleration. Like they know what those things mean, typically,
accelerations can be a bit foggy. But normally, it's it's [sic] a smooth transition to give
them some sort of context in which they're somewhat familiar with already.
Jack used the content prepared by Rosa for the lesson he taught on the topic of related
rates and optimization. He liked this content area for his students, as he saw it being applicable to
their future as teachers. Most often he emphasized the method of problem solving for these
questions and the interpretation of the answer within the context of the problem. Jack considered
the content as relevant because some of the contexts they used were part of the elementary
mathematics curriculum such as optimizing the volume of an open box. He also believed related
rates content was applicable because the problems used during the lessons emphasized the
problem-solving skills and interpretation of the mathematics within a context. Jack wanted to be
sure the class did one problem in the context of distance, velocity, and acceleration because he
found this context relevant during his own education.
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Figure 7
Week 4 Day 2 Which Graph is the Derivative

Note. From “3.1 Using derivatives to identify extreme values” by M. Boelkins, D. Austin, and S.
Schlicker, 2020 (https://activecalculus.org/single/sec-3-1-tests.html). CC BY-SA 4.0.

Pedagogical Content Knowledge. Anticipating student thinking and attending to
students’ utterances allows the teacher to plan tasks and follow up questions to support student
learning of the content. The teacher must understand the content and how the students might
think about the content as they develop understanding to guide the students in developing their
conceptions. Jack anticipated related rates and optimization to be a difficult unit for students as
they were difficult content for him. Jack hoped that with more focus on the conceptual
understanding of related rates and with careful choice of accessible examples and contexts,
students would have an easier time with the content than he did, in part because this emphasis on
interpretation and context occurred throughout the course and the course sequence at large.
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Furthermore, Jack worried about potential student confusion with regard to the many
steps in the solution of related rates problems. He was unsure students would remember the
reasoning for the steps involved in related rates problems. He hoped the students would see the
connections to the previous content with minimums and maximums of functions, namely that the
minimum and maximum points of functions had derivatives of zero.
Jack wanted more time during class discussing related rates because he saw the topic as
fitting the course goals of communicating mathematics and focusing on tasks related to students’
future work as teachers. He said,
I really think that it's going to be challenging for our students to do those more algebraic
things that I'm referencing, more of the routine things, okay, I'm going to solve for a
variable, plug it in, simplified down, take the derivative, set it equal to zero. All of those
operations, I think, are going to provide the students difficulty in this class
While discussing global and local extrema during Week 5, Jack left the conversation
primarily to Rosa to lead. However, Jack felt the discussion of local and global extrema could
have been more abbreviated due to Rosa’s approach. He explained how one student gave a
“really good” definition of minimum and maximum and he felt that should have concluded the
conversation.
Based on his critique of Rosa’s last day teaching, Jack has knowledge of the connections
among representations of mathematics related to derivatives such as graphs, equations,
definitions, and limits,
I like that she brought in those graphing components and the limit definition. But this
doesn't get at maximization, it doesn't get at second derivatives. Doesn't really get at the
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earlier concepts of rate and proportion. Or trying to see if there's anything limiting on
here, and I don't think there is at all.
Orientations
Jack had 244 utterances coded as orientations. Schoenfeld (2011) explained orientations
as including beliefs, values, preferences, and tastes of the teacher. To distinguish between mkt
within resources and beliefs,
Of all the things we believe, there are some things that we “just believe” and other things
that we “more than believe—we know.” Those things we “more than believe” we refer to
as knowledge and those things we “just believe” we refer to as beliefs. (Leatham, 2006,
p. 92)
Therefore, the orientation section describes themes in each participants’ beliefs (as things we
“just believe”), values, preferences, and tastes of the teacher. Table 7 provides the themes of
orientations across participants and the counts for Jack. Again, the codes are not mutually
exclusive.
Beliefs About Learning and Teaching. Between beliefs about learning and beliefs about
teaching, 35 utterances were coded as relating to Jack’s beliefs about teaching and learning. Jack
believed students learned mathematics through experiences with and in dialogue about the
concepts with others, both peers and experts in the subject matter.
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Table 7
Jack's Orientation Subcodes
Definition

Number of
Example
data excerpts
Jack
Applicable to Future Teaching:
22 Jack: “No, I didn't really feel like the exponent lesson that
utterances coded as orientation when
was given was super fruitful for their careers.”
participants discussed relating the
content to K-6 teaching.
Beliefs about Learning: utterances
16 Jack: “I think I focus on it because of how much I care about
coded as orientations where
the communication of the concepts. But I really do think that
participants discussed their beliefs
for me to believe that somebody knows it, I need them to be
about how students learn.
able to talk about it.”
Beliefs about Self as Teacher:
6
Jack: “For my teaching, I think that this was a struggle in
utterances coded as orientations
regards to my level of comfortability with the subject
where participants discussed
matter. I've never taught this subject matter before. And so
strengths or shortcomings about
going into class, I wasn't always the most confident in how I
themselves as teachers.
was facilitating in the room”
Beliefs about Teaching: utterances
19 Jack: “we're more guiders, providers of tools.”
coded as orientations where
participants discussed their beliefs
about the role of the teacher.
Beliefs about Math: utterances
7
Jack: “I very much so think that mathematics is a language
coded as orientations where
is all about the communication. And it's all about talking.”
participants discussed the nature of
mathematics.
Beliefs about Students: utterances
19 Jack: “But I knew that they were mathematically proficient
coded as orientations where the
people more than I'm used to dealing with. But I also knew
participants referenced the nature of
that there were higher levels of math anxiety in this class”
the students in their class.
Breadth vs Depth: utterances coded
7
Jack: “I think we're moving at a snail's pace, but it's given us
as orientations where participants
the luxury of being able to really dig in deep with our
discussed teaching for depth of
students and try and understand what they know.”
content or breath of content (i.e.,
how much content to “cover” versus
how deep to discuss the content).
Building from Previous
1
Jack: “Everything that we've talked about is about change.
Understanding: utterances coded as
And if they can really start to connect the beginning of the
orientations where participants
semester to the end of the semester, start connecting the
discussed making connections to
ideas of ratio and proportion, to more advanced ideas of
understanding students already had
calculus, and really see how those calculus ideas can help
such as content from earlier in the
them talk about those rates.”
course.
Co-teaching Relation: utterances
145 Jack: “like, it just, it was nice to work with somebody that
discussing the relationship between
felt professional in what they did, because I often do not feel
the co-teachers.
professional in what I do.”
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Table 7, continued
Definition

Number of
Example
data excerpts
Jack
Conceptual Over Formalism:
11 Jack: “But we really do try and frame it in a way to where
utterances coded as orientations
they’ve seen all of these concepts without the like, formal
where the participants discussed
notation and language, like in their own lives previous to
balancing formalism and conceptual
this. So it really just, it doesn't ever feel like we're talking
understanding.
about calculus really.”
Connections Mathematics:
4
Jack: “ [Dr. Rosa] circled back and tied it all together and
utterances coded as orientations
said, overall, this semester, we've been looking at change
where participants discussed
and this way, this way, this way and this way. And I don't
connections between mathematical
know if it like just clicked for any students when she said
ideas or identifying these
that. But I really that that was my goal for this week”
connections to students.
Experience in Research: When
0
participants referred to their
experience researching mathematics
education to inform their teaching
decisions.
Online teaching: utterances where
3
Jack: “I always like asking those kinds of questions. Just as
the participant discussed challenges
a personal preference, but it also helps the online format that
or advantages to teaching in an
were asking those kinds of questions.”
online environment.

During his initial interview, Jack said,
I think a large part of [learning] is getting their [students’] hands dirty and experiencing
things, talking through their mistakes with others, not necessarily me and Dr. Rosa, but
their peers and their breakout rooms right now...just kind of getting them to verbalize
what they're talking about, I think gets them to kind of know a concept more concretely,
like once they're able to finally put something into a sentence and say it in front of
everyone, I kind of feel like that piece has been a little more solidified…And so I really
think that that's how knowledge is acquired in this class…I very much think that
mathematics is a language is all about the communication.
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Later during his initial interview, he also stated “But I really do think that for me to believe that
somebody knows it, I need them to be able to talk about it.” Jack reaffirmed this idea of
conversing to support learning during the final interview, when he said,
I think it's, it's very important that they [the students] have some sort of opportunity to
talk about this [content] in front of the class, to really kind of flush out their
understandings…Like, you don't really know something like, you don't know, you know
something until you can teach it to somebody else.
Jack enacted this orientation during his evaluation of Week 5, stating he was disappointed that
students did not converse more, instead the class was mostly he and Rosa discussing
mathematics.
During his initial interview, Jack stated the role of the instructor was to provide activities
for the students to engage in and to provide students with the formalized language of
mathematics. Jack said,
I think that some of our role this semester is putting some formal language on things that
they [the students] kind of intuitively understand to a certain extent already, and giving
them the tools to kind of talk about the mathematics…So I really do think that we're more
guiders, providers with tools. …I feel like outside of the discovery aspects, putting
students in breakout rooms and letting students struggle for a while, what me and Dr.
Rosa really contribute to the class is kind of just that outline structure of where we're
going. …[W]e give students those opportunities to explore and struggle with the
mathematics themselves.
Jack held the orientation that students learn content through conversations about mathematics as
they engage in activities. This orientation informed Jack’s planning of lessons and his assessment
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of student learning. Jack believed a student knew something if they could explain it to someone
else, so for Jack, knowledge was the ability to discuss a mathematical idea or concept.
Applicable to Future Teaching. This code occurred 22 times as a subcode of Jack’s
orientations. Jack stated during his initial interview that one focus of the teachers of the course
was to “revamp” or renovate the course so the material focused “more towards things that are
applicable for an elementary school teacher, rather than making it look more like a traditional
calc course where they're just taking a bunch of derivatives.” He further claimed,
[b]ut we really do try and frame it [the content] in a way to where they [the students] see
all of these concepts without the like, formal notation and language, like in their own
lives previous to this. So it really just, it doesn't ever feel like we're talking about calculus
really.
When asked why the course did not feel like the students were doing calculus, Jack said,
I mean, it's probably because I've never had a calculus course structured in this way
where it's really been concept oriented and not calculation based, I really only had
traditional calc courses where by the end of it, you're doing 50 derivatives on a final and
that's what you're, that's what you're [sic] doing in your Calc one class. And here, it just
doesn't really feel like we care about that at the end of the day.
This orientation of Jack’s to make the content applicable to the students’ future careers informed
many of his actions such as his focus on related rates content during Week 5.
During his interviews during Week 5, Jack justified his preference to continue to discuss
related rates content instead of progressing to discuss the derivatives of exponential functions
and his concern with the course becoming “more computational” instead of focusing on the
concepts of the content based on the applicability of the content to students future teaching. For
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example, during his Pre-Week 5 interview, Jack explained the students during the class were
struggling most when “we get bogged down in some of the calculations,” and he did not want
students’ grades suffering due to procedural errors such as dropping an 𝑥 or a negative sign
during their calculations when no other conceptual error had occurred in their work. Jack further
justified his concern, stating he did not see his students ever needing to calculate a derivative in
front of their elementary students while explaining their work. Jack’s argument drew from his
perception of the applicability of the content to his students’ future teaching.
During his Post Week 5 interview, Jack explained how related rates content was
applicable to students’ future teaching stating,
I think that at some point, these teachers will do something with maximization, they will
talk about it in their class, like Dr. Rosa said, they will build these structures, how can
you make the largest value, and it will be an open-ended question, it won't be like an
algebraic or calculus-based lesson about maximizing … Even if they don't know like, I
need to take a derivative and set it equal to zero, they'll understand the relation between
the dimensions and at least, how these things affect one another.
Jack’s belief that related rates content was applicable to the students’ futures along with Jack’s
anticipation of students’ struggle with related rates was why he preferred to continue discussing
related rates with students rather than discussing the derivatives of exponential functions.
Breadth Versus Depth. Eight of the orientation utterances were related to Breadth
versus Depth. Related to Jack’s orientation of the applicability of the content and what it means
to learn, Jack had an orientation to prioritize developing students’ conceptual understanding
rather than “covering” enough content for the course to be similar to a Calculus I course for the
general population of students (Breadth versus Depth as seen in Table 7). For example, during
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the initial interview, Jack said, “I think we're moving at a snail's pace, but it's given us the luxury
of being able to really dig in deep with our students and try and understand what they know.”
During the final interview, he commented that while Rosa felt bad about the course being titled
calculus and students did not get to integrals, Jack did not feel bad, “[b]ut the fact that Rosa does
makes me think that if we made more room for calculus, that instead of spending more time on
current topics, she would try to cram more topics in. Okay. Which would likely be
counterproductive for the students.”
Jack stated that addressing Reimann approximation of integrals could have had “nice”
connections to the content they taught during the course. However, he was less fervent about
introducing integration to students than continuing with the content of related rates because he
saw fewer applications to the students’ future teaching and because he did not want to sacrifice
the depth of understanding for the students to address more content. Jack commented that he did
not feel bad that the course did not “get to” integration, noting that,
Like, if you're trying to move time to really emphasize an idea, and to reinforce
something, I get that you have to sacrifice something to do that. But if you're just going to
put more into the course, you're going to get less fruitful results. They're not going to
have as good of an understanding of the content if you're making them learn more things.
Jack focused on the experience of the students and providing students with the optimal
environment for the students to develop conceptual understanding, given Jack’s perception of the
students’ needs and anxieties. Jack cared less about the fidelity of the calculus course as a
calculus course in terms of content compared to his focus on developing students’ conceptual
understanding. He said he could understand including the basic definition of integration but was
not convinced it was necessary to the course. Jack wanted students to develop a conceptual
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understanding of derivatives of functions and their applications but did not see the need to do
more content, especially if the content did not seem directly applicable to the students’ future
work as teachers.
Jack believed that these students were more mathematically proficient than other future
elementary teachers he previously taught, though these students would struggle with algebraic
procedures. He also believed this calculus content was most useful to this population of students
by providing direct applications to their future teaching. Jack stated,
I knew that they were mathematically proficient people more than I'm used to dealing
with. But I also knew that there were higher levels of math anxiety in this class, which,
for these students, even if they understand something, the littlest wrench can like throw
them for a loop and make them feel like they don't know anything in the class.
Orientations direct how individuals prioritize their goals. Jack’s first priority during this
study was for students to engage with content that was relevant to their future as elementary
school teachers. The next prioritized goal was developing students’ communication skills.
During interviews, Jack commented most on making tasks and content relevant to the students’
future careers and then discussed how students communicated during class and on assignments.
Jack valued depth compared to breadth with regard to including derivatives of exponential
functions versus spending more time discussing related rates content.
Jack stated that the students do better, in general, in an in-person environment, but
compared to the other course he was teaching, he was very pleased with the students in this
Calculus class and their participation.
Assessment. Jack cared about equitably assessing students based on the goals for the
course. Caring is a preference shown by the teacher and thus an orientation. He commented that

71
he had been “butting heads” with Rosa, arguing for content that was more relevant to students
during Weeks 3-5 (these utterances coded as co-teaching relation). The pre-week interview
during Week 5 demonstrated Jack’s commitment to his students as he expressed great frustration
with Rosa. Jack felt undermined as a co-teacher. He wanted his students to have equitable
opportunities to demonstrate their understanding of content in the oral assessment and written
assessment. He believed in holding students accountable. He did not want to personalize written
exams because he wanted the students to have equal opportunity to demonstrate their knowledge
across the content, not just the areas of the content with which individual students were most or
least successful.
During their Week 5 Planning Meeting, Jack was frustrated that he felt the oral
assessment was made easier by Rosa and did not see a reason to prompt this decision. Jack said
he believed that plans made at the beginning of a semester would change as the semester
progressed. He also believed that the course should get easier and not harder as changes were
made. However, Jack did not see a reason to make the change to the oral assessment which in his
view reduced the “rigor.”
Jack intended to evaluate students’ procedural understanding using the written
assignments in addition to evaluating conceptual understanding. He would have liked to have
class presentations to better assess their conceptual understanding of units, but he did not think
time would be available to do so. Toward assessing second derivatives, Jack said,
I'm afraid that Dr. Rosa wanted to put a bunch of calculate this derivative on the
homework, and I pushed back on that. And I definitely said, I'd rather place my emphasis
in the homework on connecting a function to its derivative to its second derivative,
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whether it's having them sketch those things, or create a matching problem with a lot of
examples.
Jack wanted to attend to the goals he and Rosa agreed on during the course planning: provide
students the opportunity to learn calculation skills but emphasize the communication of
interpretation and meaning of second derivatives.
Jack and Rosa Relationship and Course Planning. One hundred forty-five utterances
in orientations were also coded as co-teaching relation. Jack stated during his initial interview, he
“received the opportunity to teach this course” because he had demonstrated “great proficiency
teaching” courses for the non-mathematics focused pre-service elementary mathematics courses,
citing that he has a “good skill set in terms of facilitating group activities and facilitating
classroom discussion” as well as “a fairly humorous and engaging person, personality that allows
for large group discussions to be active and engaging with the whole class.” He also stated he
enjoyed working with teachers. Jack said that compared to other courses he taught for similar
student populations, he gets “less pushback” meaning less resistance to learning the material than
in other courses he taught. Jack postulated,
I feel like when we teach, the more elementary topics, like addition of fractions, and
those kinds of things, oftentimes students come in thinking that they know the ins and
outs of this concept. And even when they do know how to do something, they often push
back on the explanations of things like why do I have to do it in multiple different ways,
where, as I feel in this class, this method of teaching is actually not getting any pushback,
and that's making the method of teaching so much more effective.
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Jack felt his relationship with Rosa reflected co-teaching more often than mentor-mentee.
Regarding his relationship to Rosa in their teaching of the course, Jack said during his final
interview,
I think here, I was put in a position where I should be kind of talking back to Rosa and
voicing my opinion. I feel like a lot of ways I've been positioned as equal in this course,
that I was not in [my previous mentor teaching experience]. I don't always feel that way. I
definitely feel like there are times where Rosa’s the instructor, I’m the grad student, but I
feel like that's that dynamic is definitely different.
During his initial interview, Jack said that he felt he had more freedom in this course to
contribute to the choices of content selection and the structuring of lesson plans.
Evidence of Learning
Jack used student participation during class and students’ responses on assignments as
evidence of student learning, drawing from his orientation that students learn through
communication and his goal that students develop their skills in communicating mathematics.
Evidence of learning emerged during the first round of mathematical Knowledge for teaching
(mKt) coding applied when a person stated a claim that students learned something or
understood something. This code included the justification for that claim as well. Jack focused
on students’ skills and abilities more than the content of students’ communications (as seen in
class and based on his comments during interviews). In homework assignments, Jack attended to
the content of the students’ mathematical work as well as how they communicated that content.
When planning assessments such as the oral exam, Jack desired students to demonstrate
understanding of the content and to demonstrate skills in communicating their understanding,
(i.e., it was not enough that the students found the correct answer, but they needed to justify their
work with valid mathematical reasoning).
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During the initial interview, Jack commented that group discussions were their “best
gauges” for evaluating if students understood a concept, relating to Jack’s orientation that
students learn through communication. This focus on group discussions seems supported by
Jack’s orientation that learning occurs through communication with others and supports Jack’s
goal of student communication. Jack often cited student homework or classroom discussions as
evidence of learning. However, he usually cited these forms of evidence in a broad sense, not
identifying particular words or kinds of responses unless he was discussing student errors during
the planning meeting with Rosa.
During interviews, when Jack said what he thought students learned he referenced
classroom conversations in general. For example, during his Post Week 4 interview, Jack said, “I
think they've definitely learned how to interpret the derivative a little more clearly. I think that
unit conversation at the beginning of Thursday's lesson was pretty huge, for some of them
making connection to a real-world context.” When asked what evidence he had for this previous
claim, Jack said, “that's really based on the positives from what I was hearing in the discussions
in class. What I thought that they were excelling at was in terms of interpretation.” He did not
identify any particular moments in class as evidence.
During planning meetings, Jack voiced common student errors or responses to the
homework questions to inform the co-teachers planning of the coming weeks’ lessons. For
example, during the planning meeting for Week 4 Jack said,
there were some algebraic errors in like the derivative calculations, but it didn't seem any
of the concepts were lost. It seems like they [the students] kind of knew which rules to
apply. Like, what the sequence was going to be, they were able to apply the limit
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definition to. But yeah, it was just some algebraic errors in number two, nothing major,
mostly sign things.
Jack reported what students did on the homework, focusing on possible concerns regarding
conceptual understanding. He graded assignments over the weekend, so the evidence of the
previous weeks’ content evaluation was presented at the following week’s planning meeting (i.e.,
the assignment assessing Week 3’s content was graded and discussed during the Week 4
planning meeting). This information was used to plan future written assignments and plan topics
to further highlight in class. Jack’s orientations and goals guided his evidence of learning in
focusing on student communication to evaluate student learning. In written assignments, he
focused on the conceptual understanding communicated by students more than during class
conversations. In class, Jack focused on students communicating, more than the content of the
communication.
Summary
Jack had two goals for the course: student development of conceptual understanding of
the content and students’ communicating their understanding of the content. Jack felt the course
material should be relevant to the students’ future teaching. For resources, Jack relied on his
previous experiences as a teacher of similar courses and as a previous learner of Calculus. He
also relied on the internet and the resources provided by Rosa. Jack believed students learned
through dialogue about the mathematical content and thus sought to provide students the
opportunity to converse about the content. Additionally, he wanted that content to be directly
appliable to their future teaching. He used student conversations during class and student
responses on written assignment as evidence of student learning. Thus, Jack’s mKt focused on
student communication of the mathematical ideas taught in the class because he believed
students knew something if they were able to communicate about it. Based on the contexts of his
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comments, Jack believed students knew something if they could identify the concept and discuss
it, particularly within a contextual problems (i.e., word problem or graph). Thus, Jack’s mKt
profile aligned in its dimensions, in that his goals for the class were consistent with how he
believed students learned: through communication about applicable problems.
Rosa’s Mathematical Knowledge for
Teaching Profile
Rosa described many connections between mathematical ideas and discussed different
ways to present the ideas to students. Compared to Jack, Rosa demonstrated more connections
between mathematical concepts within the course and across mathematics, thus providing
evidence of a richer mkt than Jack. She had many different resources that she used in teaching
her class. She had two main goals for the class focused on developing students’ conceptual
understanding and “mathematical processes.” By mathematical processes, Rosa referred to skills
such as productive disposition to problems, adaptive reasoning, and strategic competence. Rosa
believed students learned through experiences with the content such as working on tasks and
conversing with others about the mathematical content and solution process. To evaluate student
learning, she used students’ work in class and conversations during student hours as well as
written assessments providing specific instances to justify her claims. The following profile first
describes themes in Rosa’s goals, then themes in her resources, orientations and finally, themes
in her evidence of student learning.
Goals
Rosa had two over-arching course goals across the 72 utterances coded as goals:
conceptual understanding of content toward connection with the future content students would
teach and the students’ development of mathematical processes. By mathematical processes,
Rosa referred to skills such as productive disposition to problems, adaptive reasoning, and
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strategic competence. Rosa stated during her initial interview, “the goal is actually for every
lesson that we do in this course, the goal is to get them to develop a conceptual idea of the
concept that we're working with and connecting it to the topics that they're going to teach.” This
idea of having students develop conceptual understanding of a topic and then reflect toward their
teaching mirrors Silverman and Thompson’s (2008) discussion of the development of MKT
which proposed students learn a key developmental understanding and then do a secondary
reflective abstraction to convert the knowledge into MKT. Table 8 provides the code counts and
themes found across both participants’ goal codes. Most of Rosa’s goals related to conceptual
understanding, the pacing of the course, and her aims for how class would progress on a given
day.
Rosa wanted students to develop what she called mathematical processes, stating
I really want them to be able to look at different representation of a function table, like [a]
table, graph, contextual, and be able to communicate what these ideas, [like] average rate
of change, instantaneous rate, is [sic] what they mean.
Later, Rosa defined mathematical processes as follows:
So what I'm like picturing in my head is the communication, reasoning and problem
solving, you know, NCTM process standards. And then, um, you know, Common Core,
eight of those things are generally some people call it soft skill, some people called habit
of mind those kinds of things.
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Table 8
Rosa's Goals Subcodes
Definition

Number of data
Excerpts Rosa

Applicability of the Content
to students: goals which
discussed the desire to make
content applicable to students’
future as teachers
Challenging Students: goals
relating to challenging
students
Communication: goals
relating to developing
students’ communication
skills
Conceptual Understanding:
goals relating to developing
students’ conceptual
understanding. Often
manifesting in goals for
making connections between
content.
Goals for Instruction: goals
for instructors as they taught
Mathematical Content
Themes: goals regarding
supporting class themes about
mathematical content such as
change or describing
functions.
Mathematical Processes:
goals relating to developing
students’ mathematical
processes

6

Examples

Rosa: “That's like a thing to think about. I wanted the
examples to be suitable for them. I wanted this and that.”

0

1

27

4
8

7

Pacing: goals related to what
days content will be discussed

25

Progression of Class: goals
related to the order in which
content will be discussed and
how the content will connect
to itself.
Student Affect: goals related
to developing student feelings
or attitudes.

13

0

Rosa: “So it is me mostly communicating to them, right. So,
it's not necessarily they were communicating to me those ideas
because that did not happen in terms of, other than on the
homework assignment or student hours, or progress check.”
Rosa: “The goal is actually for every lesson that we do in this
course, the goal is to get them develop a conceptual idea of, of
the concept that we're working with, and connecting it to the
topics that they're going to teach.”

Rosa: “Yeah, that's what the general idea. And then, of course,
algebra is, I don't want to bog down on the algebra.”
Rosa: “I think we did do enough of that [rate of change in
graphs]. …I think we did enough of that with different tables. I
mean, different representations, tables, graphs a little bit. Yeah.
algebraically.”
Rosa: “I think I'm big on mathematical processes, I really want
them to be able to look at different representation of a function
table, like table graph, contextual, and be able to communicate
what these ideas average rate of change instantaneous rate is
what they mean.”
Rosa: “And then so next week, that's where I want to have like,
a couple of examples relate to that. And then when we find, for
example, when we find the function of certain things, that's
giving us like the area to perimeter volume to surface area kind
of ideas.”
Rosa: “Like if the if you have three functions like this, can you
match it or when you look at one, like 11 is an example where
we can Hey, look, there is the function there is the first
derivative there is the second derivative. Let's see, where we
see all these things that we are mentioning in slide 13, and 14.”
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Table 8, continued
Definition

Number of data
Excerpts Rosa

Student Behavior Goal: goals
discussing student behavior.

6

Examples

Rosa: “I’m hoping that they would remember first derivative
rules that how [sic] the flexibility in them a little bit, you know,
the different ways of doing that.”

Note. Mathematical processes refer to the Common Core Mathematical Practices (National
Governors Association Center for Best Practices & Council of Chief State School Officers,
2010) or the National Council of Teachers of Mathematics mathematical processes (National
Research Council, 2001).

Rosa believed students ability to move between different representations and communicate their
ideas about the functions were part of the mathematical processes described by NCTM and
Common Core Mathematical Practice Standards. Directly discussing goals for student
mathematical processes occurred in the initial interview and final interview primarily (only seven
goal codes as seen in Table 8). Each week, Rosa discussed what students would do in the form of
how she envisioned the class progressing (i.e., the progression of class).
Rosa had course goals and then sub-goals for each week that supported the course goals.
The sub-goals each week usually included one or more pacing goals (25 utterances which were
goals about what content to discuss and “get to”) and goals for student understanding that Rosa
evaluated with mathematical process goals. For example, during Rosa’s Pre-week Interview for
Week 3, she discussed selecting class activities that allowed students to engage with rules for
calculating derivatives of functions in a conceptual way without involving too many algebraic
steps. During her discussion, Rosa focused on developing the students’ conceptual understanding
of derivatives of functions and what activities might help students develop such an
understanding. She purposely chose to order the examples of applying rules to calculate the
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derivatives of functions so that the previous rule might be used to validate the following rule.
This ordering provided students the opportunity to develop conceptual understanding of
mathematics and provided students practice with procedural fluency. The ordering also
demonstrated Rosa’s mkt in the connections between mathematical ideas specifically in the
connections between rules for calculating derivatives and how the rules relate to one another
mathematically.
Another theme throughout interviews with Rosa was the goal of balancing the amount of
“formalism” in the class. This theme was found in utterances coded as conceptual understanding
and goals for instruction. This theme relates to the orientation code of conceptual versus formal
as well. For example, both Jack and Rosa discussed focusing content to avoid “bogging down
class with algebra.” During Week 3, Rosa chose to demonstrate examples of calculating
derivatives of a product of functions instead of proving the Product Rule for calculating the
derivative of a product of functions to avoid introducing additional struggle for students with
more algebraic steps in solutions.
Part of coding for goals was coding how the participant assessed their goals. The final
interview provided Rosa’s consideration of where they ended with content and what she hoped to
do differently when teaching in the future. Rosa discussed how she addressed her goals of
communication and processes less during the latter part of the semester because she focused her
attention on getting through specific content. She felt that she met the goals related to exposure
of different representations. However, she felt that they had not gotten through enough content to
call this a Calculus course.
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Table 9
Rosa's Resource Subcodes
Descriptions

Number of
Example
data excerpts
Rosa
NCTM or Official
2
Rosa: “I should look, I mean, some of the examples I pulled
Source: resource codes
from NCTM already, NCTM Illuminations or whatever that
mentioning an official
correct, like the stuff that they have- some of the problems I
source
pulled from them.”
Book: resource codes
12
Rosa: “I mean, there are a couple of interesting examples in that
mentioning the textbook
book about optimization that we can pick a couple for them to
do.”
Desmos: resource codes
3
Rosa: “I wanted them to put it in Desmos and see the shape of
mentioning Desmos
the graph like decreasing increasing”
Previous Instructor:
4
Rosa: “So he [previous instructor] said that, depending from
resource codes
semester to semester, said that some of the activities worked.
mentioning the previous
But some of the activities were too, too over the students’
instructor or his course
head[s], that he didn't get them to the place where the where the
materials
goal of the activity was, for example.”
Slides: resource codes
9
Rosa: “I just picked those, like, slide eight, where I had the
referring to the slides
quadratic function that was supposed to happen last week,
made for class
Thursday as a starter graph. So that's why I just picked
something like starter graph, like have them to think”
Student Assignments,
21
Rosa: “[Student name] contributed because she's the one either
Discussion, and Student
in student hours or one of the sessions mentioned her comfort
Hours: resource codes
with the derivative graph, like you're given a graph and in
where participants used
graphing the or sketching the derivative. I think in one of the
student thinking to
sessions, she mentioned that so I think having her talk more or
inform their classroom
less today.”
decisions
Using the Co-teacher:
1
Rosa: “Yeah. So I was trying to follow what Jack said, in his
resource coded utterances
teaching where he said, Oh, man, I don't know what to do with
where the co-teacher or
the problem. I use table, I create table to look at some numbers
their thinking was used in
and that, so I was literally like, that was not in my original
teaching decisions
lesson plan, if you call it there is an original lesson plan.”
Zoom Online: resource
9
Rosa: “I have couple of student like, this is the part that because
codes related to the
I cannot hear them or hear their thinking on Zoom, like, it's
internet such as Zoom or
more individual, I cannot see their papers, I cannot hear them
restrictions in online
talking to each other in groups.”
environment is
mentioned
mkt: utterances when the
174
Rosa (regarding the ordering of week 3 examples): “after
participant utilized their
that, like, I'm noticing how the rule works for adding and
knowledge of
subtracting, I kind of knew that they were [would] immediately
mathematics for teaching
tell me that the product rule is going to be the two derivatives
such as progression of
multiplied so and then the constant. And the linear function
content or anticipating
would give a really good example how it doesn't work like that.
student thinking
And that's why I use the product rule after that.”
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Table 9, continued
Descriptions

Number of
Example
data excerpts
Rosa
Previous Student
2
Rosa: “And then in the classroom watching out for things that I
Experience: a subcode
kind of- coming from, from my previous experiences and
of mkt, utterances when a
ideas.”
participant referenced
their previous experience
as a student informing
their teaching

Resources
All but one of the 175 resource codes for Rosa were also coded as mathematical
knowledge for teaching (mkt). The one resource not coded as mkt was because Rosa just
mentioned that the resource was used, not specifics of the mathematics or how the resource was
applied to teaching. As discussed previously, chunks of transcript were coded to include context
needed for their interpretation (holistic coding), thus often the resource and then discussion of
how it was being implemented in class were coded as both resource and mkt. The use of the
textbook shows the textbook was a resource, but how the content from the textbook was
implemented in class relates to the participants’ mkt. Thus, resources and mkt are distinct, but
overlapping. Table 9 provides the code counts for each resource theme. Most of her data excerpts
were coded as mkt, the book, and student assignments, discussion, and student hours.
Rosa’s resources included: her mkt, official sources such as National Council of Teachers
of Mathematics (NCTM) recommendations, their course textbooks (Boelkins, 2020; Boelkins et
al., 2020; Harcharras & Mitrea, 2006), student discussion during and outside of class, the
previous instructor and their materials, the slides, her co-teacher, Desmos, and the online
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teaching environment of Zoom (Zoom Video Communications, Inc., 2021). Students were given
chapters three and four from Harcharras and Mitrea (2006) and told they could reference
Boelkins et al. (2020). Rosa used Desmos as an online graphing resource during class. Regarding
outside sources for teaching preparation, Rosa said during her initial interview,
There does not exist a textbook out there, nor, that I could find, any research article that
talks about pre-service elementary teachers struggle with blah, blah, blah (Calculus
content). So they're like, a few articles here and there for me to prepare for ideas that, Oh,
I should attend to this idea. Because this could maybe- me saying something- maybe lead
into them developing some confusion. So I don't know what those things are [because she
has not taught this course before].
Rosa wanted to draw on other sources to prepare to teach the course but struggled to find
resources that addressed the population of her course and the Calculus I content.
Rosa assembled the slides used in class by both Jack and herself, using problems from
previous course materials, problems from one of Rosa and Jack’s three textbooks, or inventing
the examples herself.
Mathematical Knowledge for Teaching (mkt). Rosa understood the content she taught,
regularly discussing possible connections between content throughout the course such as the
connection between derivatives of exponential functions and geometric sequences. During
planning meetings, such as Weeks 3 and 4, Rosa discussed her anticipated path through class,
noting her teaching moves, the mathematical ideas she wanted to highlight in each main
problem, and what she expected the students to do (work in groups) and think (possible errors or
solution methods). As Rosa discussed progression of content during the Week 4 planning
meeting, she cited examples of questions she might pose to the students,
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I will be looking at derivative sketches. And then moving on to Hey, okay. What does
that mean, if we're talking about second derivatives? No, nope. I think I that's why I put
the second derivatives/concave up/concave down there. But the book does it in different
order, but I don't care.
It was unclear to which of the three textbooks Rosa was referring. This statement highlights that
for Rosa, the textbook is not the authority in deciding what gets taught or in what order. During
Weeks 3-5, Rosa prepared slides and taught content related to rules for calculating the
derivatives of functions; interpreting the derivatives of functions within a context; relating graphs
of the first derivative, second derivative, and the original function; and related rate problems.
Rosa demonstrated her mkt through her discussion during planning sessions, interviews, and in
the slides she created.
Subject Matter Knowledge. Rosa had understanding of rules for calculating the
derivative of different functions. She knew how to derive each rule using a generalization of the
function family and the limit definition of derivative, and she connected the rules together,
building upon one another to build a conception of the rules used to calculate derivatives of a
variety of different types of functions. For example, in Week 3 during class she started
discussing the topic of generalized rules for calculating derivatives of functions using the limit
definition of derivative for a constant function and a linear function. She also sketched graphs of
different types of functions (linear, quadratic, and constant) and related the generalized rule to
the slopes of the tangent lines at different points on each example function’s graph.
At the end of the lesson, Rosa felt students were confused, so the following class day, she
ordered the content presentation of her lesson in a manner that she hoped would promote
students' development of intuition of the different rules for calculating derivatives of functions
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based on linear example functions. She reviewed calculating the derivatives of constant
functions, linear functions, the Sum and Difference Rule, and then introduced the Product Rule
by juxtaposing it with the Sum and Difference Rule.
Her example for the Product Rule was the product of two linear functions, allowing
students to experience that the derivative of the product of two functions is not equivalent to the
product of the derivative of the two functions. Rosa stated she used linear functions because this
population of students was familiar with linear functions and they would teach linear functions in
their future work as teachers. Rosa said that she struggled to find content resources that
addressed rules to calculate derivatives of functions well to this population of students, therefore
her lesson was designed by herself.
During her lesson, Rosa connected the definition of derivative of a function at a point and
the slope of the tangent line at a point by sketching graphs of the original function and
connecting back to the limit definition of derivative. She also connected the rules for calculating
derivatives of functions with the meaning of the derivative of a function by having students
calculate derivatives of functions from contextualized problems. Rosa demonstrated her
understanding of derivatives of functions in planning for classes and in how she chose to explain
the content area to her students during class. She also made comments showing that she knew
how to teach Calculus to a more generalized population of students. For example, she stated that
usually the “derivative rules” were introduced by providing students with the limit definition of
derivative. She also anticipated students might struggle with this content due to the algebra of
calculating the derivative. Rosa chose to include examples of calculating the derivative of a
product of functions at a point and calculating the derivative of a composition of functions at a
point given the graphs of functions. These tasks reinforced students’ skills in reading graphs and

86
applying rules for calculating derivatives of functions. The tasks also reinforced the definition of
a derivative as the slope at a point on a graph of a function.
Rosa chose the tasks for all the lessons and demonstrated her knowledge of the content
and how to relate the content to her student population. Because Rosa used her knowledge of
mathematics and her students to select the tasks and implement those tasks, Rosa was
demonstrating her mkt as this was the knowledge that was used in the course of teaching. In
teaching the relationship between the graphs of original functions and their first and second
derivatives, she chose a problem providing students a coordinate plane with three functions
graphed on it and asked the students to identify which graph was the original function, the first
derivative of the function, and the second derivative of the function (see Figure 7). Rosa
anticipated students’ might struggle with this topic and used the problem in class because she felt
it would allow students to engage in productive struggle and develop intuition about functions
that they could apply in their future teaching.
In the related rates and optimization unit, Rosa sought examples that were relatable
and/or applicable to the students’ future work as teachers. For example, she chose problems
regarding the relationship between perimeter and area, length of telephone and power cables
related to temperature, and the volume of an open box. Perimeter and area and the volume of an
open box are related to the geometry found in elementary mathematics curricula. The open box
problem in particular Rosa felt was applicable to the students’ future careers because she could
envision the students having their students cut squares out of corners to try and find the optimal
cut to maximize the volume of the box.
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Within the related rates content, Rosa understood the content but sought to collaborate on
how to explain the meaning of the derivatives of the functions in the related rates problems. Rosa
said during the planning meeting,
It was difficult for me to talk about [related rates problems] with them during student
hours as I was writing up that idea as well. I just I would like to hear what you think that
should be the correct or correct idea in there. Because as I was thinking about it, I'm like,
Oh, my God, this is really crazy to think about this area and the derivative, like, what is
it? How can you really explain that, like, it's 2x and what it's like, it's talking about the
rate of the area changing with respect to the side length changing?
Rosa knew what the derivative of the area function meant but acknowledged that the explanation
was not obvious for the students.
During the Week 4 planning Rosa explained why she wanted to address content
regarding derivatives of exponential functions stating,
I think I will really want to do the exponential functions, because I want to go back and
connect it to the geometric sequences, for sure. And then, yeah, like the inversely
proportional idea from [prerequisite courses], kind of connecting those ideas now that
kind of tidying up that hole, those loose ends, that's why I want to get there, and then that
should be the end of it.
This quote relates to Rosa’s goals for the course and her knowledge of the content. She
connected arithmetic sequences to linear functions and their rate of change and wanted to
connect geometric sequences similarly to exponential functions. During other interviews, Rosa
discussed how exponential functions are an important part of the K-12 curriculum and wanted
the future elementary teachers to have further exposure to the mathematical horizon content
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knowledge. “Horizon content knowledge” or “knowledge of the horizon” refers to knowledge of
how the content being taught is built upon and explored in mathematics as a whole. (Ball et al.,
2008)
Rosa wrote organized notes after each class which provided step by step solutions and
organized the presentation of the content more than what occurred during class. These notes
provided evidence of Rosa’s knowledge of the content and a desire for Rosa to demonstrate the
process of mathematics in class while presenting a formalized and organized final product after
class. The notes were posted on the class course page online. The notes provided students
examples of expectations for their written work and served as a reference of formalized
mathematics to balance less formalism during class.
As Rosa planned content, she often used previous problems from other units and asked a
new question relevant to the current content. In using previous problems, Rosa built on students’
previous experiences and knowledge of prior topics. The following excerpt from Rosa’s final
interview provides an example of Rosa extending a problem from earlier in the course:
I asked them [the students] to tell me, looking at the velocity graph, I asked them to find
the distance between certain time intervals. Because we discussed velocity, what it means
and how does that help you to come up with the distance, they already knew that. And
then I just gave them a graph of velocity changing piecewise, by the way, and asking
them to Okay, what is the like, total distance this car traveled at this time? Like, all top?
Yeah, at this time period, or something like that? I can't remember. But at that point, my
idea was like, let's introduce them [to] this integral idea here a little bit, graphically,
informally, because then I was gonna say, hey, you did this already.
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When possible, Rosa selected contexts for word problems and used them throughout the course,
allowing students to explore the same context with the advancing concepts. To select these
contexts that they could be reused in different topics, Rosa needed a robust understanding of the
mathematical content in order to identify how to reuse these contexts in conceptually relevant
ways.
Pedagogical Content Knowledge. Rosa used her knowledge of students’ struggles in
Calculus, as well as her experience with this student population, to anticipate the students’
response to the content and plan to support their learning. For example, Rosa anticipated students
might struggle with problems involving multiple algebraic steps yet was surprised when the
problem manifested in new ways. She often discussed wanting to avoid problems where students
would get “bogged down with algebra.” During Weeks 3 and 4, she was surprised students
struggled to remember rules regarding expressing exponents in the numerator or denominator.
Apart from explicitly stating her concerns with students’ algebraic skills, Rosa did not
often mention how she expected students to respond to the content; however, she structured her
class based on these unstated assumptions. For example, during the planning meeting during
Week 3, Rosa anticipated taking time to explicitly distinguish between the derivatives of the
graphs of two different functions, stating,
like looking at the slope of the tangent lines there. Look at the function is decreasing in
both of them. But if we think about how to distinguish the difference between two, those
two graphs, derivative functions, what that means.
Rosa anticipated that students might struggle to distinguish between functions decreasing while
concave up and decreasing while concave down and planned to explicitly discuss these
differences during class.
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Table 10
Rosa's Orientation Subcodes
Definition

Number of data
excerpts Rosa

Applicable to Future
Teaching: utterances coded
as orientation when
participants discussed
relating the content to K-6
teaching.
Beliefs about Learning:
utterances coded as
orientations where
participants discussed their
beliefs about how students
learn.
Beliefs about Self as
Teacher: utterances coded
as orientations where
participants discussed
strengths or shortcomings
about themselves as
teachers.
Beliefs about Teaching:
utterances coded as
orientations where
participants discussed their
beliefs about the role of the
teacher.
Beliefs about Math:
utterances coded as
orientations where
participants discussed the
nature of mathematics.
Beliefs about Students:
utterances coded as
orientations where the
participants referenced the
nature of the students in
their class.
Breadth vs Depth:
utterances coded as
orientations where
participants discussed
teaching for depth of content
or breath of content, (i.e.,
how much content to
“cover” versus how deep to
discuss the content).

Example

18

Rosa: “when they're working with their kiddos that they will be
focusing on graphs, like graphing functions and meaningful
functions.”

15

Rosa: “I think, for me, mathematics and teaching of
mathematics, learning of mathematics really about the
processes.”

5

Rosa: “I mathematically I think, I should have pushed them a
little bit gave them more challenging questions that I like, I
coddled them too much I think in in the sense that oh, my God
is COVID Oh, my God is online, but whatever.”

10

Rosa: “this experience is teaching me in face-to-face class, I
really heavily rely on what students say and what students do
to build on. And then my job is to create challenging, carefully
designed questions.”

15

Rosa: “I wouldn't call this like a calculus class yet,…I thinkmaybe it's [sic] it doesn't say, maybe it says functions or
something like that in the title- But I yes, I still I feel like we
only did an intro to Calculus ideas, very baby elementary intro
to Calculus ideas.”
Rosa: “In this calculus, finding a relevant example to my
students’ life without getting them too overwhelmed with the
algebra or that background, computational kind of thing is
overwhelming. It's just ridiculous.”

10

2

Rosa: “It is like, and we think we are covering it. Like, we
might be covering it as teachers. I'm sorry. But what? What
does that even mean? Us covering it versus students learning
it? It's just ridiculous seriously.”
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Table 10, continued
Definition

Number of data
excerpts Rosa

Building from Previous
Understanding: utterances
coded as orientations where
participants discussed
making connections to
understanding students
already had such as content
from earlier in the course.
Co-teaching Relation:
utterances discussing the
relationship between the coteachers.
Conceptual Over
Formalism: utterances
coded as orientations where
the participants discussed
balancing formalism and
conceptual understanding.
Connections Mathematics:
utterances coded as
orientations where
participants discussed
connections between
mathematical ideas or
identifying these
connections to students.
Experience in Research:
when participants referred to
their experience researching
mathematics education to
inform their teaching
decisions.
Online teaching: utterances
where the participant
discussed challenges or
advantages to teaching in an
online environment.

Example

5

Rosa: “I mean, we save derivatives, but there is the behind the
scene goals in my head is relating things to rate and
proportion, the topic that they're going to teach and then
understanding function functions, how they behave.”

97

Rosa: “Now, one thing that I don't think I'm doing a good job, I
think Jack is better than me on this, like, having students
present ideas and discuss ideas that I feel like I'm more on
discourse, especially being online, that more on the lecture
type of format still.”
Rosa: “going through the algebra process that they're [the
students] saying, as I was writing, they were like, oh, what,
why there is a minus sign. And realizing either I was making a
mistake, or they were making a mistake with the algebra. For
me, that's like, Who cares? Really”

13

15

Rosa: “And then working with some derivative rules of some
functions, not spending that much of time, but getting them to
understand where those derivative rules come from,
connecting it to the ideas of average and instantaneous rate of
change, because those are the important topics.”

5

Rosa: “But like, in, in our creativity calculus research project,
we have been thinking about Okay, power rules. How can we
get students to you, like, prove that or show that with examples
in multiple ways using different rules? Like multiplication of
two functions?”

18

Rosa: “Under Zoom setting? Yes, I like as I said before, I wish
they could have came up with some of these things on their
own after some observation and working with examples. But
this is as best as we can do.”

92
Orientations
There were 171 utterances coded as orientation for Rosa. Apart from codes related to the
co-teaching relationship, orientation codes with 15 utterances or more were applications to future
teaching, beliefs about learning, beliefs about math, connections to mathematics, and online
teaching. Table 10 provides examples of the subcodes and their counts.
Rosa focused her interviews discussing how to connect the presentation of content (i.e.,
demonstrating the mathematical ideas in such a way that the connection between ideas was
apparent), musing about what problems were applicable to students, and what content she
wanted to “get to” by the end of class.
Beliefs About Learning and Teaching. Rosa had a total of 25 utterances related to
either beliefs about learning or beliefs about teaching. For Rosa, learning mathematics involved
what she referred to as mathematical processes (related to goals code mathematical processes)
such as the Common Core Mathematical Practices (National Governors Association Center for
Best Practices & Council of Chief State School Officers, 2010), or the National Council of
Teachers of Mathematics mathematical processes (National Research Council, 2001). Rosa
stated during her initial interview,
doing mathematics is what it means to learn mathematics. So, and then that's the idea that
…I want students to develop some conceptual ideas on what the concept is. And then
discuss it with each other, solve problems with each other, argue with each other…., of
course, um, two things that I feel like I like to emphasize is how is this related to
something you learned before? Like either asking directly, or trying to build that in
somewhere.
She felt for students to learn mathematics, they must engage with the mathematics by developing
some understanding of the content and then using that understanding to solve problems, converse
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with classmates, etc. In addition, teachers should help students build connections between
mathematical ideas.
Rosa saw the role of the teacher as providing class activities that aided students in
developing conceptual understanding of the mathematics and then, in the classroom, asking
questions to guide students. She said during her initial interview,
task design is very important, like how- what kind of activities that will create that
environment where students actually can develop these different processes, right? Like,
am I gonna use a task [that] only focuses on symbolic representation of a mathematical
idea? Whereas am I gonna highlight five different representations of a mathematical
concept? …And then in the classroom, once that [task] is designed, in the classroom.
…thinking about how I'm gonna, like, in which areas am I going to see gaps [in student
understanding], like attending to those- anticipating to possible students struggles, and
how I'm gonna address those, thinking about before, and then in the classroom watching
out for things that I kind of coming from, from my previous experiences and
ideas…coming from my previous experiences, anticipating what students can go like
struggle whereas looking at other struggles that student might have, or students’ creative
space, of solving problems and thinking about problems.
Rosa felt she struggled to teach online because the environment limited her observation of
student processes such as conversing in groups or looking over their shoulder as they solved
problems. Rosa said,
this experience is teaching me in face-to-face class, I really heavily rely on what students
say and what students do to build on. And then my job is to create challenging, carefully
designed questions. And this means that be able to do that on spot as well.
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She used students’ utterance and preliminary work on problems to inform what questions she
used to guide students as recommended by Smith and Stein (2018) for K-12 educators. Smith
and Stein have five practices for orchestrating mathematical discussion: anticipating student
responses, monitoring students’ actual responses, selecting students to present, sequencing
student presentations of solutions, and connecting different student responses to key
mathematical ideas. Rosa mimicked these practices in her teaching. She developed these
questions in her planning stage of anticipating student thinking or in the moment during class to
address an unanticipated student response.
Rosa believed students learned by doing mathematics problems and conversing about the
mathematical concepts and problems with others, so the role of the teacher was to create and
provide tasks for students that supported understanding the mathematical concepts and then
guiding students during class. Schoenfeld et al. (2014) TRU Math scoring rubric describes high
scoring learning environments in agency, authority, and identity and formative assessment as
“[s]tudents explain their ideas and reasoning. The teacher may ascribe ownership for students’
ideas in exposition, AND/OR students respond to and build on each other’s ideas,” (p. 2) and
“The teacher solicits student thinking and subsequent instruction responds to those ideas, by
building on productive beginnings or addressing emerging misunderstandings” (p. 2). These
descriptions support students participating in the mathematics of the classroom through
contributing their thinking.
Applicability of the Content. Rosa wanted the content of the course to be applicable to
the students. For content to be applicable to Rosa, it needed to be something students might
explain at a more elementary level to their future students (such as the open box problem in the
related rates content) or content that could inform their choices about content as teachers (such as

95
seeing themes of describing change in geometric series and in the derivatives of exponential
functions). This priority did not supersede conceptual understanding but occurred in tandem as
this focus impacted her choice of tasks.
Conceptual Understanding. Rosa believed her primary role was to help students
develop conceptual understanding of the content. A large part of that role was developing tasks
to engage students during class and in assignments. She seemed to hold less value for content
that was less conceptually and more procedurally driven such as rules for calculating derivatives
of functions. For example, Rosa commented that these rules were “dumb because who cares.”
Rosa structured the course toward supporting students in making connections across
content as advocated for in NCTM’s (2014) Principles to Action (National Council of Teachers
of Mathematics, 2014). One way she did so was by providing many examples and asking
students to reflect on them, as Hiebert et al. (1997) recommended to support students developing
conceptual understanding. While providing examples during each unit, she reused functions in
assignments and class so that students could build their knowledge about a function from
multiple perspectives and make connections across units. Hiebert et al. (1997) support the
connecting of representations and tasks which leaves important residue behind for the
development of understanding. By residue the authors mean, “learning that students take with
them from solving problems.” (Hiebert et al., 1997, p. 22). She said during a post-week
interview,
And then our student hours say, we're reporting that that's like, at least one student said
that ‘oh, my God! I did not know why these things were working this way. I took Calculus
in high school, and I never got these rules, like never understood.’ So that's kind of I
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mean, that recognizing how all these different components are connecting together, that's
kind of I think they're seeing it, those connections.
Rosa felt by doing examples that were reused in the course, students were supported in making
connections across the content by relating the ideas used to solve the problem at different times
during the course. She also felt doing examples that were reused supported students developing a
deeper understanding of calculus.
Orientations About Assessment. Goals and orientations influence teachers’ choices
regarding assessment (Burkhardt & Schoenfeld, 2019; Suurtamm et al., 2016). Rosa wanted
assessments to be an opportunity for students to demonstrate their conceptual understanding of
the content, as conceptual understanding was her primary goal of the class. When planning for
the oral and written final assessments, she proposed making individual written assignments for
each student so that she could adjust problems to prevent students from being hindered by their
algebraic struggles, if they struggle more with algebra (a differentiation strategy, [Tomlinson,
1999]). About the individualized finals, Rosa said,
Yeah, no, the questions that I wasn't thinking about having different like absolutely
different topic, different questions. But I was thinking, for example, I could be taking
some numbers from one question. But putting some easy numbers for other students
because I don't want them to get distracted by crazy numbers, like, you know, that kind of
like adjustments. … I would like to push students, certain students certain directions,
knowing their strength and kind of helping them to develop some of the ideas.
Rosa wanted her students to be successful and wanted her students to demonstrate their
conceptual understanding, while being aware that for some students, many algebraic steps or
non-integer numbers might cause undue stress and distract them from using their understanding

97
of calculus. In the end, Rosa chose to have common written finals, and ask specific students
specific questions as “follow up” questions to student responses during the oral assessment,
allowing her to differentiate during the oral assessment.
Rosa was also concerned about stressing students unnecessarily during oral assessments.
She suggested only having one instructor in the oral assessment because, “[With] two people
asking and it could get like stressful if you're both asking questions, you ask one, I asked one. It's
just like too much questioning happening.” Rosa wanted to support students doing their best on
assessments and wanted to reduce stressors for the students where possible.
Jack and Rosa Relationship and Course Planning. Rosa claimed to view Jack as a
fellow co-teacher in the classroom but acknowledged a power difference between them. Jack was
a graduate student and a student in another class of hers during this semester. She also noted that
this relationship may not be classified as true co-teaching as neither of the teachers had taught
the course before and Rosa designed much of the content. Rosa admired Jack’s ability to have
students present their ideas during class online, stating,
one thing that I don't think I'm doing a good job, I think Jack is better than me on this,
like, having students present ideas and discuss ideas that I feel like I'm more on
discourse, especially being online, that more on the lecture type of format still.
Next time Rosa has a co-teacher she said she would like to have more time co-planning
where they might build activities together, acknowledging that this co-teaching experience
allowed her to learn how this population of students relates to calculus content, allowing her to
build tasks for the next class that better anticipate students’ learning needs. She also said she
would like for her next co-teacher to have taught Calculus I before, though did not state why. In
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her next co-teaching experience with this course, she wants to align their assessment evaluation
of the co-teachers by possibly grading the first few written assessments together.
Not a Calculus Course. During her final interview, Rosa stated she did not feel that the
course presented enough content from Calculus I to be considered a Calculus course and this
bothered her. She stated the class was a “kind of introduction to the ideas, here are some tools
and how they connect to each other that you can use in your next calculus class.”
Evidence of Learning
Based on Rosa’s goals for the class and Rosa’s beliefs about teaching and learning, Rosa
used interactions with students during class and student hours as well as written assignments as
evidence of student learning (usually for evidence of students conceptual understanding). She
used this evidence to inform her teaching. As discussed previously, Rosa struggled to collect
evidence online in the same manner she was accustomed to in person. Rosa said during her
initial interview,
when you ask students to do things like on the Google Slides [online], they just
immediately put stuff on their Google Slides at this point. And when we say you're going
to present stuff, they immediately start putting things on their Google Slides, but the
problem is that I did not see the process of them developing it, I see the end result, right.
So like I'm missing this really crucial part about learning mathematics…that helps me to
teach mathematics.
She commented during multiple interviews about this struggle of not seeing the students’ process
of learning the mathematics due to the online environment.
Rosa used student hours to observe student’s process of working on problems related to
the week’s content. During her post week interviews, she often cited students’ work in student
hours to provide evidence for her claim of what students learned in a particular week. During
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Week 4, Rosa commented that students learned to make conjectures and validate their
conjectures regarding which graph of a function represented the original function, first derivative
or second derivative of the function, citing that the students continued their conjectures during
class and student hours.
When Rosa cited evidence, she was precise in stating what she believed students learned
and specifically what encounters supported her belief. During Week 4, Rosa cited students’
responses in class to further support her claim that students learned about conjecturing and
validating conjectures. She said,
And then I'm very excited about second derivative ideas that they were like, in class,
while we were presenting or discussing ideas they were jumping in and talking about and
sharing ideas. I think, at least I mean, I'm not gonna say they're 100% learn how to talk
about the second derivative, first derivative, and the original function, but I think they
learn [sic] making connect- conjectures and checking those things. Like saying that for
example, I think this graph is the second derivative or this graph is the original let's look
at the other components that um a couple of students spoke up even though they did not
necessarily got [sic] the right answer-- right answer in air quotes-- that they were willing
to try and then check their ideas a little bit. I think [Student A] did that, for example.
[Student B] did that.
When Rosa cited evidence of learning, she provided the moment during class and what the
students said and did that led her to believe the students learned something. Thus, Rosa used her
knowledge of the content (resources) as well as her orientations and goals to evaluate if students
learned.
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Summary
Rosa had two goals that guided her teaching; she wanted students to develop a conceptual
understanding of the content and she wanted students to develop their skills in mathematical
processes. She had many resources, from the variety of her own experiences related to calculus
and this population of students to her conceptual understanding of calculus. Rosa believed
students learned through experiences with the content, including conversing about the content
and engaging with tasks. As such, she felt the role of the teacher was first to design tasks that
supported students in developing understanding and then to help guide students during class.
Rosa evaluated student learning through students’ in class discussions, students’ conversations
during student hours, and students’ written assessments, citing specific evidence for her claims
based in the content of students’ utterances. Thus, Rosa’s mathematical Knowledge for teaching
(mKt) profile aligned in its dimensions, the goals and orientations aligned in that Rosa believed
students learned through engaging with the mathematics, and her goals reflected this belief.
Teaching for Robust Understanding (TRU) Scores
To investigate the impact that mathematical Knowledge for teaching (mKt) profiles had
on the learning environment, each lesson was scored using the Teaching for Robust
Understanding (TRU) Observation Rubric (see Appendix A from Schoenfeld et al., 2014, p. 2).
After five lessons were scored for all dimensions, the mathematics, cognitive demand, and
agency, authority, and identity were chosen as the most frequently coded utterances on
transcripts and all lessons were coded for the three dimensions. The mathematics dimension did
not vary, while the cognitive demand and agency, authority, and identity dimensions did vary
(see Table 11). Each dimension of the TRU Math framework was scored from one to three.
Three was the highest score possible and occurred when a class provided a learning environment
for students to develop as powerful mathematical thinkers in that dimension.
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Table 11 provides the scores for each participant for each lesson in the study. All
mathematics dimension scores were three. Cognitive demand as well as agency, authority, and
identity scores varied across days with a low of one point five for cognitive demand and a high
of three. Similarly, agency, authority, and identity had a low of one and a high of three. All lows
occurred while Rosa was teaching rules for calculating derivatives of functions. Rosa’s
arithmetic mean cognitive demand score and arithmetic mean agency, authority, and identity
score were a two. Jack’s arithmetic mean cognitive demand score and arithmetic mean agency,
authority, and identity score were a two point five. Note that the cognitive demand and agency,
authority, and identity scores fluctuated together. Rosa taught more days than Jack while also
having greater score variation in cognitive demand and agency, authority, and identity.
Furthermore, Rosa developed all of the slides used during these weeks of the study. During
Week 3 through Week 4 Day 1, Rosa discussed some rules for calculating derivatives and the
meaning of a derivative in a context. During Week 5 Day 2, Rosa went over one related rates
task using the method that Jack introduced for solving problems (i.e., listing what you know
about a problem and drawing a table), providing an opportunity for students to develop an
intuition about where they might find a maximum or a minimum to inform their problem solving.
Table 11 shows Rosa’s lowest days occurred while discussing rules for calculating
derivatives of functions. As other days are scores of twos or higher, the low scoring days are
likely a result of her adapting to the online environment and the struggle of her students with
algebra computations. She stated in interviews she would have rather done different activities
with students but due to being online and student algebra concerns, she did not deploy her lesson
plan ideas involving student led ideas. Instead, Rosa kept more control as the instructor to avoid
student confusion and algebra pitfalls.
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Table 11
Summary of Content Taught and TRU Math Scoring for Weeks 3-5

Lesson

Led

Week 3
Day 1

Rosa

Week 3
Day 2

Rosa

Week 4
Day 1

Rosa
(no
group
work)

Content of Lesson

• Sketching derivative graphs
• Intro rules for calculating
derivatives
• Rules for calculating derivatives
of functions
• Applying rules for calculating
derivatives of functions in
multiple ways
• Meaning of derivative of a
function in word problems.

Mathe
matics

Cognitive
Demand

Agency,
Authority,
and
Identity

3

2

2

3

1.5

1

3

1.5

2

3

3

2

Week 4
Day 2

Jack

• Second derivative
• Graphical representations and
relations between original
function and derivative of the
function
• Intro to related rates problems

Week 5
Day 1

Jack
then
Rosa

• Related rates problems:
maximizing area, maximizing
perimeter, maximizing volume

3

2

2

Week 5
Day 2

Rosa

• Global and local extrema
• Optimizing the volume of an
open box problem

3

3

3

Cross Case Analysis
Jack and Rosa had similar goals and orientations, while having different resources and
mkt. Note that orientations impact goals as the definitions of learning and teaching impact what
goals the participant had for the class. This section discusses the similarities and differences in

103
the mathematical Knowledge for teaching (mKt) profiles of Jack and Rosa, and the differences in
TRU Math scores. Then, the section will discuss comparisons of the mKt profiles considering the
TRU Math scores as well as the impact of the mKt profiles on the TRU Math scores.
Goals
Jack and Rosa both had goals of developing students’ conceptual understanding of the
content, and both wanted the content presented to be applicable to the students. Jack seemed to
have a stricter understanding of what it meant to be applicable to the students’ future teaching as
seen in his concerns with presenting content regarding derivatives of exponential functions and
his frustration with concavity during Week 4. Rosa saw content related to exponential functions
and concavity as knowledge of the horizon and fitting in with the themes of describing change,
functions, and patterns. Jack did not see derivatives of exponential functions, or the language
used to describe concavity as relevant to the students because they would not discuss these ideas
of derivatives of exponential functions or even exponential functions with their students.
Jack and Rosa had different sub-goals for each week. During interviews, Rosa usually
spent time discussing goals regarding the progression of content and pacing. Jack spent time
discussing what students would be doing during the class such as answering questions,
conversing with each other, working in small groups, etc.
Regarding other course goals, Jack had a goal of developing student communication
skills and Rosa had the goal that students would develop mathematical processes.
Communication is part of the Common Core Mathematical Practice Standards (National
Governors Association Center for Best Practices & Council of Chief State School Officers,
2010). Thus, Rosa had a larger scope of what she wanted students to be able to do. Jack did not
explicitly expand on what he included in student communication skills. He usually wanted
students to be able to write or discuss colloquially the meaning behind the mathematical ideas

104
they were learning in class. Jack voiced the additional goal of developing skills for students to
communicate their mathematical understanding. Rosa stated her goal as developing students’
mathematical processes. For Rosa, communication was part of developing mathematical
processes of students.
Jack discussed problem solving methods as part of how he learned mathematics and
related these solution methods to mathematical content, not communication. For example, during
Week 5, Jack discussed solving related rates problems by writing what was known, then writing
down what was being asked by the problem, etc. Jack also identified problem solving strategies
as a common theme throughout the different course sequences for the pre-service teacher
population of students.
Note the overlap between goals of the participants. Namely, both participants sought to
develop students’ conceptual understanding of the content as related to the students future
teaching and both participants sought to develop communication/mathematical processes. This
overlap in goals may have occurred due to overlap in participant orientations and how the
participants collaborated and planned together before and during the semester. Communication is
a soft skill included in mathematical processes, thus Jack had a more specific focus as he
attended to student communication where Rosa attended to student mathematical processes
which included but was not limited to communication. For example, she also looked for student
problem solving and creativity.
Resources
Jack and Rosa had different resources. In addition to their own mathematical knowledge
for teaching (mkt), Jack's resources included Rosa, the textbooks used in the course, the previous
instructor’s course materials, the internet, and his own personal experience with calculus as a
student. His other resource was his teaching experience with similar populations of students.
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Rosa had her own experience with calculus and, while had never taught Calculus to pre-service
elementary teachers, had read literature and developed tasks regarding teaching Calculus for the
general populace of students. Rosa had more years teaching experience than Jack and had
designed and taught both course sequences of the pre-requisite courses for this course. She also
had more experience with elementary in-service and pre-service teachers. In addition to these
resources, Rosa had access to the previous teacher of this course and access to the textbooks like
Jack did. Rosa had Jack as a resource. Thus, Rosa had more resources than Jack.
Mathematical Knowledge for Teaching
(mkt)
The mkt descriptions of each participant stem from the data collected for this study. A
participant may have a deeper understanding of content than the data provided evidence of
during interviews and teaching. Based on the comments during interviews and in-class
interactions, Rosa demonstrated more explicit connections between mathematical content and
more variety in how to address content with the students, thus Rosa had a richer mkt as she had
more knowledge and variety in that knowledge of that mathematics and how to teach it. Jack
taught fewer lessons and tended to focus on student actions and engagement more so than
connections between content during his interviews. Also, for the lessons considered in this study,
Jack did not plan the content. Instead, Rosa provided the slides so there was less evidence of
Jack's mkt in the data.
Rosa demonstrated an understanding of the content in ways that Jack did not.
Specifically, Rosa discussed connections between the content and how to support students
building conceptions through making connections to content they already knew, both known
before the class and taught previously within the class. For example, Rosa created the lecture
during Week 3 regarding the rules for calculating derivatives. This presentation demonstrated her
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flexibility of understanding of the rules for calculating derivatives of functions. Rosa also
regularly referenced where in the curriculum different ideas that she was teaching might connect
for the students. For example, she was very passionate about the open box problem during the
related rates content as the open box problem was something she could envision those teachers
doing with their future students. Jack was aware of some of the content connections to the
elementary school mathematics but did not regularly reference exactly how he would envision
the students using that content beyond explaining the particular concept they were learning in
class to their own students.
Jack's calculus knowledge seemed based in his own personal experience with Calculus.
Rosa’s knowledge extended to include other work she had done to develop calculus curriculum
materials for promoting creativity of students' solutions strategies.
Neither teacher had taught this course before and both discussed some difficulty in
anticipating student responses beyond what they knew about the population before starting the
course.
Orientations
Both Jack and Rosa believed students learned content through engaging with the content
with others. Jack believed learning occurred through communication. Rosa believed learning
occurred through engaging with the mathematical processes. Thus, Rosa’s vision contained
Jack’s vision and more because communication is one of the mathematical processes, as
mentioned previously. This overlap in goals and orientations supported the collaboration of
participants and minimized disagreement up to Week 5 of the study. As beliefs regarding how
students learn (orientations) impact what goals a teacher sets, it is unsurprising to see the
similarities and differences found in goals paralleled.
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Regarding the role of the teacher, both saw the teacher as the provider of tasks and a
guide of discussions in the classroom. Jack felt teachers also provided language and “formalism”
to discuss the mathematical topics. Rosa focused more on the development of tasks than Jack
did.
Jack and Rosa had different prioritization of the goals as supported by their orientations.
Rosa saw her goal as providing tasks first and foremost that would enable students to experience
the content and develop conceptual understanding. She specifically chose her tasks so that they
would be related to the students’ future teaching. Jack viewed these as separate goals and thus
had two different goals competing with one another, instead of considering both through careful
task selection. Though Jack never changed the tasks in Rosa’s slides, Jack needed to attend to
both making content applicable and developing conceptual understanding when considering
tasks, meaning these goals were competing for his attention to be addressed.
Rosa attended to conceptual understanding, choosing to only use problems applicable to
students’ futures; thus, she focused on conceptual understanding and narrowed the possible
problems to choose from to be those problems that were applicable to the students’ futures. As
Jack believed learning occurred through communication, Jack also had the additional goal of
student communication. Rosa believed learning occurred through students’ engagement with the
mathematical processes, therefore Rosa chose tasks that developed conceptual understanding
through problem solving and did not focus as much on student communication. As Rosa felt
pressed for time, she could minimally address mathematical processes focusing instead on
presenting the content in a conceptual way.
Rosa viewed the online learning environment as more of a hurdle than Jack. Specifically,
Rosa struggled to apply her usual teaching strategies online because she could not observe
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student processes in real-time; she only had access to their final product. Jack stated during his
initial interview that he felt students learned better in face-to-face environments but did not
comment further as to why.
Regarding assessment, Jack felt Rosa “babied” the students. During Week 5, Rosa
wanted to accommodate the students where she could regarding assessment, to allow them to
demonstrate their understanding as best as possible; she wanted to differentiate assessments to
support students. Jack wanted students to demonstrate their understanding as well but wanted to
do so in a way that he felt was fair to all the students in the class. Rosa did not want to forfeit
equality, but she felt it was potentially more equitable to make the students more comfortable
with less algebraically involved problems for some students. Jack viewed these differences in
exams as purposely making some parts of problems easier for some students. He was not
comfortable making exams easier for some students and not others. This relates to Jack’s
orientation of the students as “capable.”
Authority
Rosa described that the textbook was a resource but not an authority for her (Wagner &
Herbel-Eisenmann, 2014). For Jack, the content taught and in what order was heavily dependent
on Rosa. Hence, Rosa was an authority for Jack. This authority may come from the power
dynamics or may be related to Jack's comfortability with the material.
Evidence of Learning
Both participants considered in-class discussions, written assignments, and final
assessments for evidence of what the students learned. However, Jack and Rosa attended to
different aspects of students’ responses in the different types of assessment. During class
discussions, Jack counted student conversation during class as evidence of learning, whereas
Rosa cited specific moments and what students said about the mathematics as evidence of their
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learning. Rosa also used conversations with students during student hours as evidence of student
learning, citing what she thought students were thinking and what comments the students made
about the mathematics.
Comparing Teaching for Robust
Understanding of Mathematics Scoring
Differences and Mathematical Knowledge
for Teaching (mKt)
Both participants had goals for students to develop conceptual understanding of the
content. Based on their orientations, this development occurred through communication (Jack) or
through participation in mathematical processes (Rosa). These orientations in conjunction with
the rest of their mathematical Knowledge for teaching (mKt) profile impacted their TRU Math
scores. As a reminder, all lessons scored a three in the mathematics dimension and lessons
ranged from one to three in the other dimensions of cognitive demand and agency, authority, and
identity.
The Mathematics
To score a three in the mathematics dimension, the classroom is described as “activities
support meaningful connections between procedures, concepts and contexts (where appropriate)
and provide opportunities for building a coherent view of mathematics” (Schoenfeld et al., 2014,
p. 2). All lessons scored a three in the mathematics dimension of the TRU Math framework.
Rosa wrote the content used during these weeks of the study; her mKt profile was the primary
profile that impacted the creation of the tasks and the ordering of those tasks during class.
Rosa had orientations that she sought the connections between mathematical ideas and
sought to support students in developing mathematical processes such as problem solving,
justification, and communication of ideas. These orientations led to goals that mirrored
Schoenfeld et al.’ (2014) high scoring mathematics, as seen above. Rosa had a strong
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understanding of the mathematics and the connections between different mathematical ideas. She
also had exposure to different calculus related tasks, even if the tasks were not designed
specifically for pre-service teachers. These elements of her mKt profile supported her in
developing a learning environment that scored high in the mathematics dimension of the TRU
Math framework.
On the days Jack taught, Rosa created the slides with the tasks, though Jack knew the
content and was able to lead class discussions. The co-teachers coordinated at the beginning of
each week and discussed the content to be taught. Jack’s method of attending to the related rates
tasks became the norm for the classroom and Rosa adopted it when she taught related rates
content. It seemed Jack considered the method of problem solving he introduced during related
rates content as part of the mathematical content. In his interviews, he mentioned that this
method of problem solving was emphasized across the pre-service mathematics courses, but he
did not bring it up in conjunction with communication, only during weeks which focused on
problems in a context (e.g., word problems). Jack’s high-level mathematical score may be
attributed to a combination of Rosa’s planning of task and content, the co-teachers’ weekly
planning meetings, and Jack’s discussion methods, which also maintained high cognitive
demand and supported student agency (Etkina et al., 2018). Jack’s orientation valuing students’
conceptual understanding of the mathematics (orientation) and the goal that students develop a
conceptual understanding of the mathematics further supported his high-mathematical scores.
One of his three goals was for students to develop conceptual understanding and he attended to
that goal in his lessons based on how he believed students learned (through communication).
Jack assessed student learning through what they said in class or wrote on assignments. In both
forms of evidence, Jack looked for students to describe the mathematics they were learning,
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transitioning from informal to formal language as he discussed in his interviews. As Rosa and
Jack shared these goals and orientations for conceptual understanding of the content through
student engagement (communication or mathematical processes), the goals and orientations
supported the high mathematics scores. Indeed, focusing on developing connections between
mathematical content supported high scores in the mathematics dimension of the TRU Math
framework.
Cognitive Demand and Agency, Authority,
and Identity
The cognitive demand scores and agency, authority, and identity scores fluctuated
together across lessons. Days where students had more agency, authority, and identity actions,
were days that that scored higher in cognitive demand. The relationship may be reciprocal;
however, the lowest cognitive demand scores were days where the teacher scaffolded away
challenges or asked students to mimic previous class examples, in addition to having little
student contribution to large class conversation. Thus, the format choices in content presentation
limited both dimensions of the TRU Math framework.
Jack's cognitive demand scores and agency, authority, and identity scores were equal to
or higher than Rosa’s. The two days that Jack taught during this study pertained to content that
may be more cognitively demanding than presenting the rules for calculating derivatives. Thus,
the content may have supported Jack in receiving higher cognitive demand scores on the lessons.
Furthermore, Jack solicited more student responses in large class discussions that were longer
and more often invited student justification for their contributions. During Week 4 Day 2, Jack
purposely followed the students’ suggestions during large group discussion of one of the related
rates tasks which resulted in an incorrect solution. Upon reaching an answer that did not make
sense, he asked students “where do we go from here?” This made students the authors of the
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mathematics as the students inspired the taken solution path. Jack did not arbitrate the
correctness of the solution path, but let the students explore that path as a class. Then the
students had the opportunity to rethink their solution and what led them to error.
Jack's orientations of learning were that students learned through communication,
meaning students learned through participating in mathematical tasks and discussing their
thinking. He also viewed these students as mathematically proficient and wanted to challenge the
students, which may have supported his actions during class to perhaps push students more than
Rosa was willing to. Rosa did not discuss the mathematically proficiency of the students, but did
discuss her reluctance to push students during online learning during COVID-19. By challenging
the students more and providing students more opportunity to share their thinking in class, Jack
achieved an environment with higher cognitive demand on average.
Rosa’s lessons scored equal to or lower than Jack. These scores are due to her
orientations focusing on developing conceptual understanding and content breadth over content
depth, attending less to mathematical processes than conceptual development, and her choice of
presentation of content due to the learning environment. As she stated during her final interview,
she focused less on developing mathematical processes later in the term due to the online
environment and time constraints.
During lessons following time for student thinking, Rosa often began scaffolding the
problem or solving it herself if she did not receive responses from students. Sometimes Rosa
began scaffolding a problem before hearing student responses. For example, she may provide the
idea for the first step in the solution and ask how to do the procedure instead of asking students
what the first step should be in a solution process. These actions lowered the cognitive demand
score of the lesson. Rosa’s choice to scaffold was due to her orientations about the students, the
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lack of time as a resource, and/or other unknown factors. Rosa commented during her final
interview that she could have challenged the students more, but due to being online and COVID19 circumstances, did not. She also felt the need to progress through the content to “make it” to
discussing the Fundamental Theorem of Calculus or as time grew scarcer, discuss the derivatives
of exponential functions. Meeting these content goals meant for Rosa that the course was a
“Calculus course” as opposed to a course that introduced ideas of calculus for further exploration
in another course.
Rosa’s variety of scores reflect the cognitive demand of different content presentations
styles and cognitive demand of different content, itself. For example, Rosa scored high in
cognitive demand and agency, authority, and identity during Week 5 Day 2. On Week 5 Day 2,
Rosa was discussing first a related rates problem and then, interpreting the derivatives of graphs
of functions, finding local maximums and minimums and global maximums and minimums. She
allowed students the opportunity to provide the definition of maximum and then, through student
discussion, the students interpreted what that definition meant and how it could be applied to
determine whether a particular point was a global or local extrema. The agency score was a three
that day compared to the lower scores of ones and twos she had scored in previous lessons.
During Week 5 Day 2, she allowed students to explain their ideas and reasoning, and build on
one another’s ideas. Thus, in providing the students more agency and authority through allowing
students to provide definitions and reason how to implement those definitions, Rosa supported
higher cognitive demand. Note, Schoenfeld et al. (2014) describe a three score in cognitive
demand as, “The teacher's hints or scaffolds support students in productive struggle in building
understandings and engaging in mathematical practices” (p. 2). Thus, Rosa’s goals and
orientations of students engaging with mathematical practices to develop conceptual
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understanding align with high scores in cognitive demand. As Rosa struggled to attend to her
goals for student engagement with mathematical practices, she also struggled to develop a
learning environment that encouraged cognitive demand such as during Week 3 Day 2 or Week
4 Day 1.
Week 3 Day 2 and Week 4 Day 1 were the lowest cognitive demand scores, and Week 3
Day 2 was the lowest agency authority, and identity score. Those were days where the topic was
rules to calculate derivatives and Rosa discussed during interviews that those days were difficult
for her to find tasks that she felt would be engaging for her students, especially in the online
environment. The mathematics dimension score remained high due to her choice of presentation
supporting connections between the content. She presented the rules to calculate the derivatives
of functions as highly connected and supportive of one another. While she did not prove the
validity of the rules, she invited justification for their validity. The lessons were less cognitively
demanding for students because the students had less opportunity to engage in productive
struggle as they primarily mimicked the application of a rule provided in a previous example
during the lecture. The agency, authority, and identity dimension was lower because students
were not participating in the lessons as much or if they were participating, they were responding
to questions eliciting facts or procedures (e.g., here's a function…).
In general, Rosa’s agency, authority, and identity scores were elevated by crediting
students when using their ideas during large group discussions. For example, during Week 3 day
1, a student provided the class a Khan Academy video and Rosa credited that student in front of
the class.
Both Jack and Rosa provided student think time, which supports cognitive demand
because it allows time for students to consider the problem and struggle. Jack also invited
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students to explain their ideas. Because Weeks 3-5 focused on large group discussion, there was
little evidence of students “getting stuck.” However, anytime a student said “I don't know how
this works,” or “I think this is how it is but I'm not quite there,” Jack supported the student via
affirming the validity of the student’s thinking and then attending to increasing the precision of
the student’s contribution. Regarding agency, authority, and identity, Jack gave students many
opportunities to explain their ideas and the ideas were built on in the class discussion. Rosa also
built on student ideas during class discussion. Jack recognized students as capable and able to
contribute as he called on different students. Rosa also called on different students and explicitly
asked for students she had not heard from during class, from time to time. Rosa, however, was
hesitant to challenge students “too much” due to the additional difficulties of teaching and
learning online and stresses related to the COVID-19 pandemic.
The participants’ mathematical knowledge for teaching (mkt) contributed to cognitive
demand and agency, authority, and identity through how the participants’ anticipated student
thinking. The teachers both stated they did not anticipate student thinking well, because neither
of them taught this course before. Rosa commented that she was surprised students struggled
with some of the algebra during Week 3. Because of the students’ struggle, she tended to reduce
the cognitive demand of some of the tasks she was implementing.
Having summarized each week’s interviews and lessons and described the mKt profiles
of each participant, the next chapter discusses conclusions and implications about the mKt
profiles of each co-teacher and how the mKt of each co-teacher impacted their learning
environment.
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CHAPTER V
DISCUSSION
The knowledge used by a teacher to make decisions while teaching is mathematical
Knowledge for teaching (mKt). In this study, mKt was framed as existing within the individual,
but observable via conversations in interviews and actions of the teacher during teaching
activities such as lesson planning and teaching. mKt is the combination of goals, resources, and
orientations of a teacher which guide their decisions in teaching (Schoenfeld, 2011). Part of
resources is the knowledge of mathematics utilized in teaching (mkt) as knowledge held within
the mind of the individual is used as a resource in decision making. The following research
questions guided this study:
Q1:

What is the mKt of each instructor during a co-teaching mentorship in teaching
calculus for pre-service teachers in collegiate mathematics?

Q2:

How does the mKt of each co-instructor influence the learning environment they
inhabit?

Interviews combined with lesson observations using the TRU Math observation rubric
allowed the researcher to investigate each participants’ mKt, both cognitive and enacted. The
TRU Math framework and the participants’ evidence of learning served as lenses to describe in
what ways (or how) a teacher’s mKt influences the learning environment. The TRU Math
Framework (Schoenfeld, 2013) refers to the five dimensions of a powerful mathematics learning
environment and their descriptions. The TRU Math Observation rubric (Schoenfeld et al., 2014)
refers to the scoring rubrics (in this study, the summary rubric) which allow the observer to
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ascribe a quantitative value to the perceived environment for each dimension of the TRU Math
Framework. Furthermore, the mKt profiles were based on the content being taught, participants’
thinking and response to the students enrolled in the course, and the setting (online) of the
course. As such, the results of this study support Davis and Simmt (2006) claim that because of
its dynamic and nested character, mathematics-for-teaching or MKT cannot be considered a
domain of knowledge to be mastered by individuals. Each participant had knowledge of the
content and how students developed understanding of the concepts, but were constantly
modifying their knowledge of student thinking and concept development based on students’
responses in class. Furthermore, participants modified their actions in the learning environment
to respond to their perceptions of students’ understanding.
The conclusions also support Scheiner et al.’s (2017) and Copur-Gencturk et al.’s (2019)
claims that MKT is not just what is known, but how that knowledge is known and enacted by the
participant. Both participants knew the calculus content but were developing their knowledge of
how to introduce this content and connect the content to support their students’ learning. MKT
always occurs in context that involves others – such as when Jack is responding and guiding
student comments in group discussion or Rosa’s choice to reorder her presentation of rules to
calculate derivatives after students seemed confused on the first day the content was introduced.
In both instances, the participants modified their knowledge and actions based on the dynamics
of their classroom such as being online and the individual needs of students. Schoenfeld’s (2020)
mKt model considering goals, resources, and orientations enabled mathematics for teaching to be
examined from a more dynamic and nested approach.
Co-teaching allowed participants to explain their reasoning behind their teaching choices
more often. However, their learning environment was an amalgam of both instructors’ mKt and
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therefore it was difficult to parse differences in goals because as co-teachers, they claimed to
have similar or the same goals. Yet their priority of goals and their focus in evidence of learning
differed, Jack focusing on students’ communication and Rosa focusing on the content of
students’ utterances.
This chapter first discusses the answers to the research questions, then discusses
implications and conclusions before concluding with a discussion of the limitations of the study
and future research.
Discussion
The participants had similar goals and orientations, with more differences occurring in
resources and mkt. The goals and orientations of the participants regarding the students
developing conceptual understanding through engaging with the content aligned with the high
scores in cognitive demand as well as agency, authority, and identity in the TRU Math
framework. Rosa’s mkt of connections between content, multiple representations, and describing
functions by their change (rate of change, instantaneous rate of change, and later derivative)
allowed her to create or select tasks and support the implementation of the tasks so that the
students might develop conceptual understanding. These parts of Rosa’s mkt supported high
scores in the mathematics dimension of the TRU Math framework for both herself and, with the
aid of planning meetings, for Jack.
Research Question 1: Mathematical
Knowledge for Teaching (mKt) Profiles
The mathematical Knowledge for teaching (mKt) profiles of each participant were
described in full in Chapter 4. The following is a summary of the profiles in Chapter 4,
specifically the goals, resources, mkt, and orientations.
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Jack had three main goals for the course: develop student conceptual understanding of
Calculus content, make the course content applicable to students’ future as teachers, and develop
students’ communication of mathematics skills and topics. Jack’s resources included his personal
experiences and mkt, as well as the internet, previous course materials, and Rosa. Jack’s mkt was
based in his past experiences with Calculus and his previous experience teaching a similar
population of pre-service elementary school teachers. He seemed capable of doing the
mathematics required for any given task in the course. However, because Rosa created all the
course materials used during the weeks of this study, it was less clear what connections Jack held
between topics. For orientations, Jack believed students learned mathematics through
experiences with and dialogue about the mathematical content they were learning. He believed it
was the teacher’s job to supply tasks and guide students’ discussions during class. Jack felt
passionately that the content in this course should be relevant to the students’ futures as
elementary school teachers. One of his biggest objections during interviews and disagreements
with Rosa was whether he felt the tasks, or the choice of content was applicable to the students.
For content to be applicable, Jack felt it needed to have a direct relation to what the students
would be teaching in the classroom. Jack said he prioritized developing students’ deep
conceptual understanding over covering the content. Therefore, towards the end of the study, he
became more frustrated with the notion of including more content instead of allowing students
more time to engage with activities during class. Jack felt assessments should be equivalent for
all students and did not mind having parts of assessments be challenging. A summary of Jack’s
mKt profile is provided in Table 12.
Rosa focused on two goals for the course: students developing conceptual understanding
of the calculus content through tasks related to their future work as teachers and students
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developing mathematical processes. Rosa had many resources, particularly Rosa’s mkt consisted
of knowledge of the content (i.e., connections between mathematical ideas) and pedagogical
considerations (i.e., choice of tasks appropriate for students). She had orientations that students
learned mathematics by “doing mathematics,” meaning students learned mathematics by
engaging with the content through mathematical processes such as communication, problem
solving, etc. For Rosa, the role of the teacher was first to create tasks that allowed students to
engage in mathematical processes with the content. These tasks allowed the students to develop
conceptual understanding of the content, meaning students developed understanding of the
mathematical idea and its connections to other mathematical ideas. The second role of the
teacher was to listen to students during class and respond with guiding questions to help students
develop conceptual understanding during class.
Research Question 2: Impact of
Mathematical Knowledge for Teaching
(mKt) on the Learning Environment
The mathematics, cognitive demand, and agency, authority, and identity dimensions of
the TRU Math framework (Schoenfeld et al., 2014) were used to investigate the learning
environment promoted during the lessons in Weeks 3-5. The mathematics dimension score was
a three for all lessons. The cognitive demand and agency, authority, and identity dimensions
varied together. All decisions made in the classroom were influenced by the participant’s goals,
resources, and orientations.
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Table 12
Summary of Participants' mathematical Knowledge for teaching (mKt)
mKt
Dimension
Goals

Resources
(other than
mkt
mentioned
five or more
times)
mkt

Rosa’s Themes
•

Conceptual understanding through
applicable content
• Mathematical processes

The textbooks
Student thinking
Slides
Zoom platform

Jack’s Themes
•
•
•

Conceptual understanding
Applicable content
Communication of mathematics
skills and topics
Student thinking
Rosa and her slides

•

Connections between
• Anticipating student struggle
mathematical ideas
• Analyzing student thinking
• Multiple representations
• Personal experience as student
and teacher
• Anticipating student thinking
• Using student thinking
Orientations Students
Students
• learn mathematics by “doing
• learn through communication
mathematics”
with others.
Role of the teacher
Role of the teacher
• to create tasks that allow
• supply tasks for students to
students to engage in
engage in
mathematical processes
• guide students’ discussions during
embedded within a context
class.
• to listen to students during
Content should be applicable to the
class and respond with guiding students.
questions
Note. Five or more utterances was an appropriate dividing line for each participant’s resources
and less than five utterances did not indicate a resource that was utilized often.

The Mathematics
The goals and orientations of the participants towards conceptual understanding of the
mathematics and connections between mathematical ideas supported high TRU Math framework
scores when scoring Jack’s and Rosa’s lessons. Furthermore, both Jack and Rosa relied on
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Rosa’s connected mkt which she used to develop tasks and presentation of content (creating
slides). This combination of goals, orientations, and resources supported high scores in the
mathematics dimension. The goals focused on student conceptual development, the orientations
of students learning through engaging with content (communication or mathematical processes),
and content supporting students’ connections between mathematical content aligned with the
TRU Math framework mathematics dimension in supporting students developing “meaningful
connections between procedures, concepts and contexts (where appropriate) and provide
opportunities for building a coherent view of mathematics.” (Schoenfeld et al., 2014, p. 2) Task
selection (as supported by a participant’s mKt) may be an important component of high scoring
in the mathematics dimension as the tasks selected impact the mathematics students engage in
and how the students engage in the mathematics as claimed by Hiebert et al. (1997). It is unclear
how the relatability of the content to the students impacted the learning environment, though it
did not seem to have a negative impact on this pair of co-teachers as the mathematics scores
were threes for all days of the study.
Jack and Rosa had overlap in their goals and orientations. Both participants believed
students learned mathematics by engaging with the content and both participants had goals of
developing students’ conceptual understanding and making the content applicable to the
students’ futures. Furthermore, because they believed students learned through engaging with the
mathematics, both participants attended to one or more of the mathematical processes (National
Research Council, 2001). Mathematical processes are the five interrelated strands of conceptual
understanding, procedural fluency, strategic competence, adaptive reasoning, and productive
disposition. (National Research Council, 2001) Schoenfeld (2020) advocated that more focus
should be given to developing students’ mathematical processes which he called “Productive
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Patterns of Mathematical Thinking” (PPMT) (p. 363). Productive Patterns of Mathematical
Thinking (PPMT) are mathematical processes (National Research Council, 2001) and practices
(National Governors Association Center for Best Practices & Council of Chief State School
Officers, 2010), including mathematical habits of mind (Cuoco et al., 1996). (Schoenfeld, 2020)
Jack attended to students’ communication of ideas, while Rosa attended to students’
mathematical processes, both of which count as mathematical processes and PPMT. Jack
attended to communication more than Rosa attended to mathematical processes. Instead, Rosa
focused primarily on selecting tasks to develop students’ conceptual understanding of the content
and responding to students in class as well as during student hours. Conceptual understanding is
one of the five strands of mathematical proficiency (National Research Council, 2001).
Schoenfeld claimed that students needed to learn content in such a way that in later years,
students would have an understanding of the content that would allow them to “regenerate the
specifics.” He said,
The question is not, what do you need to know to perform well in the domain? …The
more serious question is, what do you need to know so that you can regenerate the
specifics you need in order to be able to solve problems in the domain? That’s the
Knowledge that enables you to succeed long after instruction.” (p.365-366)
Jack and Rosa both had goals of making the content of the class applicable to the future teaching
of their students, meaning they wanted their students to take away understandings that the
students could use to inform their teaching of elementary school students. As such, Jack and
Rosa wanted students to be able to recall the “important” information for use in their practice of
teaching. For Jack, this meant making the content directly related to the content the students
would teach in the future. For example, Jack anticipated students could use knowledge of related
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rates and optimization of area and perimeter to inform their teaching of area and perimeter. For
Rosa, the content needed to be connected to the students’ future teaching content which included
supporting student understanding of change in multiple representations of functions. She stated
elementary teachers needed a robust understanding of linear functions and how functions could
be described by their rate of change.
Cognitive Demand and Agency, Authority,
and Identity
The orientations toward conversation led Jack to provide more opportunities for student
dialogue during class and large group discussions. His orientation of students as capable doers of
mathematics might have supported him in making decisions that made the learning environment
have higher cognitive demand, and agency, authority, and identity. Namely, Jack believed these
students were “very capable” and wanted to support them in productive struggle and viewing
themselves as doers of mathematics, thus aligning with high scores in cognitive demand, and
agency, authority, and identity (Schoenfeld et al., 2014). Because Rosa felt she lacked the
resource of time in her classroom, she chose to prioritize the connectedness of the mathematics
through tasks, and explicitly stated she provided students higher cognitive demand by allowing
them think time before explaining how to do a task. She focused on the developing conceptual
understanding for students through experiences with tasks and engaged less in the other
mathematical processes, such as students’ communication of ideas. Rosa sought to engage
students less often in the other mathematical processes that she might have supported if she had
more class time, or perhaps supported earlier in the course, outside of the scope of this study.
The dimensions of cognitive demand and agency, authority, and identity overlapped in
their scoring. Lessons where students were given more opportunity to act as “doers of the
mathematics” were more cognitively demanding because the students were doing more
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mathematics and demonstrated evidence of productive struggle. Rosa did not feel she was getting
the evidence that she needed about students' thinking due to the online setting. With less
evidence of student thinking, it was harder to know if/when students were engaging in
productive struggle. Students could have been engaging in productive struggle in the class at
large, but Rosa did not have evidence of this information unless she could see the intermediate
work of students spoken by the students or on their papers outside of the camera view. Both
participants had goals and orientations that valued student agency as part of how students learn.
However, Jack’s focus on student communication may have caused him to provide more
opportunity for students to engage in productive struggle. Rosa prioritized the connection of the
mathematics and the coverage of content over developing students’ mathematical processes.
Furthermore, Rosa’s lowest days for cognitive demand and agency, authority, and identity
occurred when she introduced rules for calculating derivatives of functions, a topic that she
struggled to design a lesson which supported students in their algebraic computation struggles in
the online environment. Because Rosa saw the rules as involving lots of algebraic computation
with fewer conceptual connections to the students’ future work as teachers, she designed a lesson
which “got through” rules for calculating derivatives and then chose to go over problems to
support students’ development of conceptual understanding of the meaning of the derivative of a
function. In her focus to “get through” the content through a lecture style presentation, Rosa
attended to cognitive demand and agency, authority, and identity less than other days.
Orientations
The findings suggest that the orientations of the participant about how learning occurs
impacts their teaching. That teachers’ orientations about learning impact their teaching is
supported by Yurekli et al. (2020) who noted teacher beliefs about the importance of different
practices impact student learning. In particular, task selection and planning are an important part
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of developing a learning environment that scores high in the mathematical dimension of the TRU
Math framework and understanding the connectedness of mathematical content supports task
selection and planning. Task selection and planning are two components that Rosa focused on
and believed were integral work of the teacher to support students developing conceptual
understanding as Hiebert et al. recommended (1997). As it was Rosa’s content used in the class,
her task selection and planning (along with her mkt) supported high mathematics dimension
scores across all days of the study.
Developing Mathematical Knowledge for
Teaching Teachers
Masingila et al. (2018) make the claim that for mathematics teacher educators to engage
in activities to develop mathematical knowledge for teaching teachers is to engage in
communities of practice (CoP) which are inquiry oriented. By community of practice, Masingila
et al. mean “a supportive professional community” in which members “reflected together on the
process of learning to teach via problem solving and supporting [pre-service teachers]s in
developing MKT.” (p.432) Rosa and Jack’s co-teaching relationship meets that definition as
they collaborated weekly to plan the class together and discussed with each other their teaching
practice towards their course goals of developing students’ conceptual understanding of calculus
as it related to their future work of teaching. The findings of this study support Masingila et al.’s
conclusion that mathematical knowledge for teaching teachers developed through:
(a) understanding and deciding on the mathematical goals of both the individual lessons
and the two-course sequence as a whole, (b) choosing and facilitating tasks, and (c) using
questions to scaffold [prospective teacher]s’ learning and engage them in mathematical
processes such as making conjectures, justifying their reasoning, and proving or
disproving conjectures. (p. 440)
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Both participants learned more about anticipating student thinking (a component of
mathematical knowledge for teaching [mkt] (Ball et al., 2008) thus supporting Zaslavsky and
Leikin's (2004) claim that mathematics teacher educators developed knowledge in two ways, one
of which is “through teaching, when they facilitate [future mathematics teachers’] learning’’ (p.
9). Jack and Rosa stated they felt more prepared to teach this subject again because they knew
more about what to expect from student thinking. Jack claimed to have learned more pedagogy
about calculus courses, but it is unclear what he meant by this statement. Both stated they learned
they would order the content differently, especially in the beginning of the course regarding how
long they might spend on ratio and proportion ideas before starting into calculus ideas of limits
and sequences. Thus, mkt developed as participants reflected on key developmental
understandings and how they are acquired (Silverman & Thompson, 2008), but also in reflecting
on their lived experience teaching. Key developmental understanding (KDU) are ways of
thinking about a mathematical concept which are “powerful springboards for learning.”
(Silverman & Thompson, 2008, p. 502) The teachers refined their mkt by reflecting on their
teaching of the class. For example, Rosa and Jack both reflected that based on students’ struggle
with algebra skills, they would change the ordering of content and integrate algebraic
computation practice earlier in the course to support students’ in focusing on conceptual ideas of
the derivative of a function later in the course.
Anticipating student responses might be more necessary in online teaching, especially in
an active-learning environment because less evidence of student thinking is available in
intermediate solving (such as between introducing a problem and visiting individual breakout
rooms). Rosa often commented on her struggles teaching online, particularly that she could not
implement her preferred activities regarding rules for calculating derivatives because she could
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not monitor students as she would in the in-person environment. Teachers cannot watch over
students’ shoulders and see the students’ development of their mathematical ideas as might occur
in an in-person learning environment, as Rosa often commented during interviews. The inability
to monitor student work deprived Rosa of formative assessment that she would use to inform her
actions in class. Further as neither Rosa nor Jack had taught the course before, both participants
struggled to anticipate student responses to tasks. Thus, Rosa could not see what students were
thinking as she was accustomed to in-person and she could not anticipate where students might
struggle. Rosa struggled to implement tasks because she did not know what to expect from
students or what to watch for in their work to support student learning in the online environment.
Had she been able to better anticipate student struggles (such as having studies exploring student
struggles), she might have been able to cope in the online environment with less evidence of
student thinking.
Mentorship and Co-teaching
In this mentoring environment, the mentor teachers’ mathematical knowledge guided the
content selection and execution. As the cognitive demand and agency, authority, and identity
dimensions varied with different instructors over different class days, these dimensions were
based on the content covered that day and the instructor that led. Jack’s scores in cognitive
demand and agency, authority, and identity fluctuated together between twos and threes. Rosa’s
scores had a wider spread (from one to three) and were lower on days when Rosa did more
interactive lecture, specifically discussing rules for calculating derivatives of functions. This
pattern of higher mathematical knowledge for teaching (mkt) in the mentor teacher but more
cognitive demand on days when the mentee was teaching mirrors a finding from Etkina et al.
(2018) who found physics “teachers can sometimes successfully build on student reasoning and
select an appropriate pedagogical strategy even in cases in which they themselves struggle with
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the disciplinary ideas” (p. 14). Jack did not seem to struggle with disciplinary ideas but
demonstrated an mkt with less connections between mathematical ideas than Rosa.
As Jack maintained high mathematics dimension scores despite demonstrating less mkt
than Rosa, novice teachers might benefit from being provided “powerful” mathematics
curriculum to work from or participating in a collaboration that supports their implementation of
mathematics curriculum (Masingila et al., 2018). In this study, Jack utilized the tasks found or
created by Rosa for the lessons he taught. Both participants scored high in the mathematics
dimension of the TRU Math scoring, though Jack did not discuss the mathematics content in
interviews in the same way Rosa did.
Experienced teachers typically have more resources than novice teachers, even when
neither teacher had taught the course before. Neither Rosa nor Jack taught this course before, but
Rosa (faculty member with more teaching experience) referenced more resources in her
interviews and evidenced more connections between concepts (i.e., more mkt) than Jack did.
Hogan et al. (2003) and Wolff et al. (2021) claim teachers with more experience demonstrate
more mkt than the teacher with less experience. Rosa had more experience teaching and creating
content than Jack did. Hogan et al. discussed “experts” having a more connected understanding
of the content and more varied approaches prepared for teaching than novices, where “experts”
referred to teachers with experience, improved student achievement, and supervisor
recommendation.
Furthermore, Rosa, in interviews, planned with a vision further in advance than Jack, and
perceived and recalled more subtle classroom events than Jack did as Hogan et al. (2003)
discussed. For example, Jack only considered the current topic being taught and the next topic
when teaching related rates content, where Rosa was considering the Fundamental Theorem of
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Calculus and the end of the course during that same time. According to Hogan et al. “experts”
explicitly focus on creating connections between prior and new knowledge, like Rosa did and
Jack did not. Jack focused more on his own performance of related rates teaching rather than the
effectiveness of the learning environment for the students which Hogan et al. anticipated.
Namely, Hogan et al. stated “novices” are more likely to focus on their actions in the classroom
than the learning outcomes of the students when compared to “experts.”
Wolff et al. (2021) support that mathematical Knowledge for teaching (mKt) informs
classroom decisions and that “experts” have components of mKt that “novices” do not, in that
the more experienced teachers have past knowledge and attend to different aspects of the
classroom that new teachers miss or address too late. In interviews Jack did not attend to all the
aspects of content that Rosa did. He had a much more surface level attention to the aspects of the
learning environment than Rosa in attending to his own actions instead of the conceptual
understanding demonstrated by the students. This may be due to Jack as a teacher with less
experience than Rosa. Thus, Jack evidenced less mKt than Rosa perhaps due to Jack possessing
less teaching experience compared to Rosa.
Evidence of Student Learning
Evidence of learning was a gateway to view the intersection of mKt of the participants.
The participants orientations (such as beliefs about how students learn), goals for the course, and
resources (such as anticipating student thinking and their knowledge of the content) inform what
constitutes evidence that a student learned something for the participants. Jack believed learning
occurred through student communication and thus took student participation in small group and
large class discussions as evidence that the students learned. Rosa cited specific utterances or
mathematical ideas written or spoken by students as evidence of student learning. Just as Bishop
and Whitfield (1972) demonstrated in their Teacher Decision Making Framework, the beliefs
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and values (for Schoenfeld orientations [2020]) informed and were informed by the participant’s
aims and objectives (goals for Schoenfeld). Furthermore, a participant’s background and
experience informed the beliefs and values of the participant. Thus, how the participants decided
to evaluate student learning was informed by their orientations and goals. Not present in Bishop
and Whitfield’s (1972) work is teacher resources, specifically mkt. For Bishop and Whitfield,
mkt would be part of background and experience, where in Schoenfeld’s framework, mkt is part
of resources which would intersect in part with Bishop and Whitfield’s teaching situation (e.g.,
textbooks, time available). Jack and Rosa used their mkt to assess the evidence of student
learning and to create the assessments. Thus, the evidence of learning preferred by each teacher
was a decision that occurred based on the individual’s mKt, their goals, resources, and
orientations, supporting Schoenfeld’s (2015) decision making theory that decisions are based on
a person’s goals, resources, and orientations.
Conclusions
Using mathematical Knowledge for teaching (mKt) with the TRU Math framework
provided insight into the relationship between the knowledge of the teacher and the learning
environment they created. When the teacher had goals and orientations which aligned with
descriptions of high scores in the TRU Math framework, the learning environment often had
higher TRU Math scores. As this study investigated a mentorship pair, the collaboration and joint
planning of the mentorship in addition to the power dynamic inherent in the mentorship meant
the learning environment was the result of both participants’ mKt. The mentorship supported the
participants in developing mathematical knowledge for teaching teachers but obscured to what
extent each participant’s mkt influenced the learning environment. This section discusses the
implications of this study, the limitations, and then directions for future study.
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Implications
Three main implications result from this study regarding research methods, mKt’s impact
on the learning environment, and the mathematical knowledge for teaching future teachers.
For Research Methods
Data collection consisting of both individual interviews and classroom observations were
important to understand the goals, resources, and orientations of the teachers and how the
teachers enacted these dimensions in their classroom decisions. At times, some spoken
orientations did not match the actions of the teacher. Observing co-teachers and their planning
elicited conversations that would have been difficult to surface in regular interview protocols. In
the online co-teacher format, these co-teachers sometimes explained their thinking to each other
while students were in breakout rooms which allowed for in the moment explanation of thinking
that would be very difficult to obtain as an observer in an in-person environment. The theoretical
frame of Schoenfeld’s (2020) mKt and TRU Math framework (Schoenfeld, 2013) supported the
connection between teacher mKt and the learning environment they influence, making visible
both the participant’s mKt and how it was enacted in the learning environment. Without
observing the learning environment, much of the evidence of Jack’s mkt would have been
missing. By observing the classroom and evaluating the learning environment with the TRU
Math framework, the researcher focused on actions which influenced the scores and was able to
further inquire into the motives of those actions in post-week interviews. Schoenfeld’s mKt and
TRU Math should be used in future studies of MKT which seek to connect the teachers’ mKt to
the learning environment.
Asking participants to discuss what evidence they have of student learning or what
evidence they plan on collecting is a lens into the intersection of the participants’ mKt (goals,
resources, and orientations). Questions about evidence of learning invite the participant to
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explain what it means for students to learn (orientation and goals), how the teacher observes the
student learning (orientation and goal), and using their knowledge of the content and how
conceptions progress in the minds of students as students learn (mkt). Such questions should be
included in mKt studies involving interviews as these questions allow the researcher to observe
how the participant integrates their mKt in teaching, specifically in how the participant evaluates
what students have learned based on the participant’s goals, orientations, and resources. Doing
an interactive interview with an activity and questions on evidence of learning could give insight
to the goals, resources, and orientations of the participant.
Mathematical Knowledge for Teaching’s
Impact on the Learning Environment
Aligning goals and orientations with the high score descriptions in the TRU Math
Observation rubric led to higher scores in that dimension, such as mathematics. In particular,
Rosa’s mkt allowed her to develop curricula that supported high scores in the mathematics
dimension of TRU Math for Jack and herself. She and Jack also held similar goals and
orientations that students learned mathematics through engaging with the content and therefore
selected and enacted tasks which supported students’ cognitive demand and agency, authority,
and identity.
Orientations regarding the importance of the content and what is possible in a particular
learning environment impacts how a teacher plans and teaches a lesson. Rosa felt rules for
calculating derivatives of functions was algebraically intense (i.e., in terms of computations) and
less relevant than the meaning of derivative for her population of students. Also, Rosa felt she
could not monitor students online as well as she could in person. These considerations led her to
do an interactive lecture for rules for calculating derivatives which lowered the cognitive demand
and agency, authority, and identity.
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The participants’ orientations about how students learn, the role of the teacher, and the
importance of the content influenced their learning environment and planning discussions. In
developing future instructors or in addressing the practice of current instructors, orientations may
play a large role in the learning environments they create. Teacher educators should consider this
role of orientations as they develop professional development and curricula for teacher
education. For example, instructors who believe students learn through listening and taking notes
may find less value in careful mathematical task design. Thus, more than teaching practices of
conducting a lecture would need to be addressed if the goal is to support instructors in
developing an activity-based classroom.
Different types of co-teaching models exist and each pair of co-teachers may negotiate
their own relationship as co-teachers. Relationships between co-teachers will vary based on the
mKt of each co-teacher. However, compatibility of orientations may influence what a mentee
may take away from the co-teaching experience and the success of the co-teaching relationship.
These participants had similar orientations about how students learn and the role of the teacher. It
is unclear how the relationship might unfold if the participants had more differing orientations in
learning and teaching. The role of orientations in what a teacher learning new pedagogical
strategies might enact was addressed by Yurekli et al. (2020) when summarizing research of
others showing reform efforts and implementation of practices depend on beliefs “regarding how
important these practices are in reaching the initiatives’ goals for student learning.” (p. 234)
Teacher Educators
Jack and Rosa developed mathematical knowledge for teaching teachers through
(a) understanding and deciding on the mathematical goals of both the individual lessons
and the two-course sequence as a whole, (b) choosing and facilitating tasks, and (c) using
questions to scaffold PTs’ [pre-service teachers’] learning and engage them in
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mathematical processes such as making conjectures, justifying their reasoning, and
proving or disproving conjectures. (Masingila et al., 2018, p. 439)
These actions occurred as a result of Jack and Rosa’s collaboration as mentor-mentee and their
orientations of students learning through engaging with the mathematics content. Their weekly
planning meetings allowed them to discuss choices for tasks, negotiate their goals for the class,
monitor students’ progression toward their goals, and discuss the actions of students in the
previous weeks. Thus, as mentor-mentee, Jack and Rosa reflected on their teaching of future
teachers together weekly in order to improve their practice and meet the needs of their students.
This mentorship provided a community where each member developed mathematical knowledge
for teaching teachers as a result of co-teaching and collaborating for their students. Mentorship
or communities of practice where members elect to collaborate on content for the same course
supports the teachers in developing knowledge for teaching.
Limitations
This study had three main limitations: evidence of mkt, the online environment, and the
lack of peer check.
Due to the different orientations of the teachers and their different distribution of teaching
time, the researcher had less evidence of one participant’s mkt than the other. This may have
impacted the mKt profile of Jack. Devoting a specific interview to mkt related questions or using
a concept inventory with each participant could remedy this issue in future studies.
The online environment was not these teachers’ preference and changed what was
observable in data collection. For example, observing student engagement online was difficult as
not all students were visible in the video window. Furthermore, based on internet connectivity,
there were three 1 min to 3 min gaps in data when internet cut out during lesson data collection.
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Observing in person could minimize these effects or recording class from multiple connection
sources on a wider screen could remedy these issues in an online environment.
The researcher did not see the development of materials from the beginning of this
teacher pair’s collaboration and therefore could not observe further contributions that Jack may
have provided throughout the process. Additionally, the researcher did not see how the coteachers established norms in the beginning of their course as establishing of norms occurred
before the beginning of the study. The establishment of classroom norms may have contributed
to scores in the TRU Math framework regarding agency, authority, and identity and cognitive
demand. Future studies should consider observing co-teachers from the beginning of their
planning and collaboration as this observation would allow the researcher to explain how
classroom norms were established and how each co-teacher contributed to learning environment
throughout the collaboration. For example, a mentee might contribute more to the planning of the
course before the semester starts due to other demands on their time during the semester. The
contributions of the mentee would be missed if the researcher did not see the beginning of the
collaboration.
The researcher did not have a peer check of coding implementation which weakens the
validity and reliability of the study. However, the researcher consulted with a research advisor
throughout their coding process.
Future Research
Future studies in this area may branch in one of four directions: extending Schoenfeld’s
(2020) call investigating connections between mathematical Knowledge for teaching (mKt) and
dimensions of the TRU Math Framework, considering how instructors develop mkt to teach a
new course, investigating mKt in relation to student outcomes, and further studying mentorship
and mkt.
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This study investigated the mKt of two teachers sharing a single learning environment.
Future studies should consider the mKt of teachers teaching the same content, but in different
learning environments. Different learning environments would allow the teachers to have full
effect of their classroom, less encumbered by a mentor teacher. The researcher echoes
Schoenfeld’s (2020) recommendations for research relating mKt to the TRU Math Dimensions,
specifically focused on post-secondary educators as well as K-12 educators. Focusing on what
aspects of mKt support different dimensions of the TRU Math framework would allow teachers
to develop a “mathematically powerful classroom” by attending to their mKt as it relates to a
given dimension of the TRU Math framework.
Future studies should consider using a concept inventory or a specific content interview
to glean a more complete understanding of the participants’ mkt around a particular content area.
Note, mKt is content and student specific and thus there may not exist an appropriate concept
inventory. Researchers should consider using Burkhardt and Schoenfeld’s (2019) Framing
Questions for Planning and Reflecting (see Table 13) as part of an interview protocol. These
questions focus more on TRU Math framework noticings of the teacher. Note that through
reflection on these questions, the teacher might modify their practice and perhaps their mKt as
they reflect on how their teaching impacts different aspects of the TRU Math framework. For
example, a teacher might reflect that their lesson provides too few opportunities for students to
make sense of mathematical ideas (cognitive demand) and choose to change their practice. The
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answers to these questions could provide more insight into a teacher’s mKt and how they
perceive their classroom.
Table 13
Burkhardt and Schoenfeld's Framing Questions for Planning and Reflection
Framing Questions for Planning and Reflection
The Mathematics

How do mathematical ideas from this unit/course develop in this
lesson/lesson sequence? How can we create more meaningful
connections?

Cognitive Demand

What opportunities do students have to make their own sense of
mathematical ideas? To work through authentic challenges? How
can we create more opportunities?

Equitable Access to

Who does and does not participate in the mathematical work of the

Content

class, and how? How can we create more opportunities for each
student to participate meaningfully?

Agency, Authority, and

What opportunities do students have to see themselves and each

Identity

other as powerful mathematical thinkers? How can we create more
of these opportunities?

Formative Assessment

What do we know about each student’s current mathematical
thinking? How can they and we build on it?

Note. From “Formative Assessment in Mathematics” by H. Burkhardt and A. Schoenfeld, in H.
L. Andrade, R. E. Bennett, and G. J. Cizek (Ed.), Handbook of Formative Assessment in the
Disciplines (p. 42), 2019, Routledge (https://doi.org/10.4324/9781315166933-3). Reprinted with
permission.
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To further explore the development of mkt in instructors, future studies might investigate
a collection of experienced teachers teaching a course for the first time and note what resources
they draw on, given that they are new to teaching the course. This study could provide insight
into how experienced teachers expand their mkt when presented with a new course to teach. One
might even compare the experienced teachers with new teachers teaching a new course as the
comparison of experienced and new teachers would allow the research to investigate how new
teachers and experienced teachers may have differences in mKt, even when each set of teachers
are teaching a course that is new to them. However, new teachers often have many things to
balance and adjust. For example, a new teacher might need to learn a new curriculum, adjust to a
new student population, adapt to different departmental norms, etc. Since so many aspects are
new to new teachers, they may have less time to seek mkt resources as they would otherwise, if
they were not learning new departmental norms and curriculum.
The researcher did not collect evidence of student outcomes, rather, they used the TRU
Math Observation tool to score lessons according to the TRU Math framework. The data
collected provided insight into the research questions of this study, but future studies may
consider the mKt of the teachers and its impact on student learning outcomes. Specifically, future
studies should consider what meanings students develop for the concepts of the course, student
outcomes in future courses, as well as student grade outcomes in the course observed and how
the grades relate to the mKt of instructors and the TRU Math environment they created.
Future studies should investigate teaching mentorship and how mentorship impacts the
mathematical Knowledge for teaching (mKt) of each participant in the mentorship, to deepen
understanding of how mKt develops and in what ways and what types of mentorships support the
development of mKt in its participants. For example, a researcher should conduct observations
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and interviews with different mentoring pairs for the course of a semester, considering the mKt
of each participant and how their mKt changes from the beginning of the semester to the end.
Mentorship in teaching may take different forms depending on the orientations and goals of the
participants as well as their relationship to one another (fellow faculty or graduate student and
faculty). Implementing these recommendations would allow the researcher to describe how
mentorships impact the mKt of the participants and potentially give insight into
recommendations for mentorships whose goal is to develop mKt of the participants.
Furthermore, the collaboration of teachers may surface goals and orientations that are usually
implicit to support community in the mentorship.
A great deal of research has considered MKT as cognitive and as enacted with the goal of
improving instruction. This case study used cycles of interviews and lesson observations to
describe the mKt of a pair of co-teachers teaching calculus for pre-service elementary teachers.
Interviews were coded for goals, resources, mkt, and orientations and themes were found.
Lessons were coded and scored using three of the five dimensions of the TRU Math framework
(Schoenfeld et al., 2014).Investigating mKt from cognitive and enacted perspectives with an eye
toward the learning environment as viewed through the eyes of a student, allowed for a more
complete picture of the dimensions involved in the decisions that produce the learning
environment. By only observing the cognitive aspects of mKt, the researcher would have missed
Jack’s content knowledge. Similarly, by only considering enacted mKt, the researcher would
have missed Rosa’s struggle in the online teaching environment and her goal of developing
mathematical processes. Future mKt research should consider Schoenfeld’s (2020) calls and
investigate using the combine mKt and TRU Math frameworks. Pursuing these avenues of
research suggested by Schoenfeld would provide more information as to what goals, resources,
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and orientations support a powerful mathematical learning environment, allowing programs to
improve preparation of future instructors and teachers.
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TEACHING FOR ROBUST UNDERSTANDING MATH
OBSERVATION PROTOCOL SUMMARY RUBRIC
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Note: From TRU Math Scoring Rubric (p. 2) by A. Schoenfeld et al., 2014, Berkeley, CA & E. Lansing, MI: Graduate School of
Education, University of California, Berkeley & College of Education, Michigan State University. Retrieved from
http://truframework.org.. Reprinted with permission.
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The semi-structured interviews are intended to elicit evidence of teacher mathematical
Knowledge for teaching (mKt) as described by the teacher at different points of time as they
teach the unit. mKt is “the set of tacit as well as explicit perceptions and understandings that
drive the ways we act in the world” (Schoenfeld, 2020, p. 359) including the resources, goals,
and orientations of each teacher used in the work of teaching (i.e., planning, directing classroom
discussion, etc.). The interviews provide an opportunity for participants to discuss their planning
or lesson reflections and how they work with their co-teacher. To elicit responses about teacher
mKt, the researcher included questions to probe for teacher resources, goals, and orientations
related to the lessons. Since all of the interviews are semi-structured, the questions listed below
in dark bullets will be asked, with the open bullets being options for additional probing questions
as needed.
Initial Semi-Structured Interview
Goal: Elicit evidence of teacher mKt for the whole unit. Also obtain background
information about the class and student composition.
•

What is your next unit of content (background)?

•

What do you hope for students to learn in this unit (goals)?

•

Tell me about your students (background, orientations).
o Who takes this class (background)?
o Why is this content important to your students (orientations)?
o How do your student behave with one another?

•

How do you expect your students to respond to this unit (mkt, orientations)?

•

How do students learn mathematics? (orientations)
o What is the teacher’s role in student learning?
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o What is the student role in student learning?
•

Tell me about the mathematics students are learning in this unit. (mkt)
o What are the key ideas?
o What do students usually have trouble with in this unit? What do you anticipate
students having trouble with in this unit?
o How does this content relate to other parts of mathematics?
o How does your class time support students learning of this content?

•

Have you taught this class before? (background)

•

What else have you taught before? (background)

•

How would you describe your relationship with your co-teacher?

•

In co-teaching: (mostly for graduate student, but both co-teachers will be asked)
o How comfortable do you feel bringing forth your ideas? Doing something
different than your co-teacher?
o Do you feel you have the authority to do something different than co-teacher?
o Do you feel your opinion is valued? Contributing to co-teaching pair?
o Do you feel students give you the same respect as your co-teacher?
Pre-cycle Interview Questions
Goal: Elicit evidence of teacher mKt.

•

What do you hope to have happen in class this week? (goals)
o Why? What will it mean if what you describe occurs? (orientations)
o What do you need to help you achieve this? (resources)

•

What should students learn in class this week? (goals, mkt)
o How will you know if students learn? (mkt)
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o If not specific enough in the response, follow up with “what will students
do/say/write/draw that gives you evidence of their current understanding”
•

Tell me about the process of planning this lesson. (goals, resources, orientations)

•

What is most important for students to take away from these lessons? Why? (goals, mkt,
orientations)

•

How do you expect students to respond to these lessons? (mkt)

•

Tell me about the mathematics being taught this week. (mkt)
o What are the key ideas? (mkt)
o What do students usually have trouble with? What do you anticipate students
having trouble with? (mkt, orientations)
o How does this content relate to other parts of mathematics? (mkt)
o How does your class time support students learning of this content? (mkt)
o How will you know how student learning is progressing? (mkt, orientations)
o What knowledge or experience are students expected to bring to doing the task?
(mkt)
o How does working on or doing this task relate to the other tasks? (mkt)
o When and how will you assess students on what they learned in this lesson?
Homework, quiz? (mkt, orientations)
o What advantages and disadvantages do these assessments have in terms of you
understanding what the students have learned? (mkt, orientations)

•

What did you and your co-teacher do to prepare for this lesson?
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Post-cycle Semi-structured Interview Questions:
Goal: Elicit evidence of teacher mKt. Inquire about actions taken during lesson
observations. Gain each participant’s perspective of their actions after class.
•

Tell me about what happened in class this week. (background)
o What did you do?
o What did your co-teacher do?
o What did your students do?

•

Additional questions based on specific classroom actions witnessed by researcher:
o For example, “I noticed you spent most of class going over one problem from the
packet, why?” (goals, mkt, orientations)

•

What did your students learn? (mkt)
o How do you know? (mkt, orientations)
o What did students do/say/write/draw that gives you evidence of their current
understanding?

•

Do you have any concerns about your students’ understanding? (mkt, mKt)
o Why? (mkt)

•

Where should class go next based on what happened this week? (goals, mkt, orientations)

•

What was most important for students to take away from these lessons? Why? (goals,
mkt, orientations)

•

What other thoughts do you have about teaching this week?

•

What additional thoughts do you have about the mathematics taught this week?

•

How have you and your co-teacher corresponded and collaborated about since teaching
these lessons?
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•

In co-teaching: (mostly for graduate student, but both co-teachers will be asked)
o How comfortable do you feel bringing forth your ideas? Doing something
different than your co-teacher?
o Do you feel you have the authority to do something different than co-teacher?
o Do you feel your opinion is valued? Contributing to co-teaching pair?
o Do you feel students give you the same respect as your co-teacher?
End Semi-Structured Interview Questions:
Goal: Inquire into teacher mKt. Summarize their teaching experience during this

research.
•

Overall, how do you feel this unit went?
o What parts went well?
▪

If teaching slope went well, what about the slope lessons went “well” with
the? (orientations, goals, mkt)

o What parts of the unit were more of a struggle?
▪
•

Why?

If you were to teach this unit again, what would you do the same? What would you do
differently? (goals, mkt, orientations, resources)
o How might the unit go differently if you did not have a co-teacher?

•

Additional questions based on what the researcher witnessed during the unit such as
o You mentioned in previous interviews that groups of two struggled to keep up
with the class, how might you address this in your future teaching?

•

What will you take away from your co-teaching experience?

•

In co-teaching: (mostly for graduate student, but both co-teachers will be asked)
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o How comfortable do you feel bringing forth your ideas? Doing something
different than your co-teacher?
o Do you feel you have the authority to do something different than co-teacher?
o Do you feel your opinion is valued? Contributing to co-teaching pair?
o Do you feel students give you the same respect as your co-teacher?
•

Any additional thoughts you have about this unit of teaching?
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